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Machine Learning and Constrained Optimization
Main research branches
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ML for Optimization
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Agenda

4

ML for  
Optimization

Optimization  
for ML

Open QuestionsIntro and  
Motivations



Ferdinando Fioretto | University of  Virginia

Agenda

5

Intro and  
Motivations

ML for  
Optimization

Optimization  
for ML

Open Questions



Ferdinando Fioretto | University of  Virginia

Constrained Optimization
Preliminaries
• Consider a problem of the form
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• with objective function  with decision variables  
, subject to a set of constraints . 

• The form of  and  characterizes the complexity of optimization problems.  

• Convex problems:  convex function and  convex set — efficiently solvable & strong 
theoretical guarantees on the existence and uniqueness of solutions. 
• Linear problems (LP):  convex set with ,  and  affine 

function. 
• Quadratic programs (QP):   as above but with a quadratic objective. 

f : ℝn → ℝ+
z ∈ ℝn C

f C
f C

C = {z : Az ≤ b} A ∈ ℝm×n b ∈ ℝm f

C

<latexit sha1_base64="on+2H++W+LKH4uPNqWZbdcbeN7k="></latexit>

O = argmin
z

f(z)

subject to z 2 C
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Constrained Optimization
Preliminaries
• Consider a problem of the form
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• with objective function  with decision variables  
, subject to a set of constraints . 

• The form of  and  characterizes the complexity of optimization problems.  
• Mixed integer program (MIP): A subset of the decision variables is required to take integer 

values. 
• Much more difficult problems than convex problems; The feasible set consists of distinct 

points in , not only non-convex but also disjoint. Generally NP-Hard. 
• Nonlinear programs (NLP): Some of the constraints or the objective function are nonlinear. 

Many NLPs are nonconvex and cannot be efficiently solved. 

f : ℝn → ℝ+
z ∈ ℝn C

f C

ℝn

<latexit sha1_base64="on+2H++W+LKH4uPNqWZbdcbeN7k="></latexit>

O = argmin
z

f(z)

subject to z 2 C
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Constrained Optimization
Solving methods
• Convex programs enjoy well-developed theory for their 

resolution (including simplex, interior point, and augmented 
Lagrangian methods). 

• NLPs (non-convex) include variant of methods used for 
convex programs (penalty-based methods, interior points,…) 

• MILPs require different approaches (NP-Hard), e.g., branch 
and bound. 

• Constraint Programming is an additional paradigm to solve 
MI(L)P by combining branch and bound with reasoning 
methods.

8Boyd et al., 2004 Rossi et al., 2006 Powell, 1969
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Supervised learning
Preliminaries

• Training dataset  with each  defining feature 
vector and  its associated label. 

D = (xi, yi)n
i=1 x = (x1, …, xp)

y

9

x

inputs

̂y

prediction

σ(x) = h1
σ(h1) = h2

ℓ( ̂y, y)

loss

• Learn a parametric  
function   with .fθ θ ∈ ℝm

non-linear transforms
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Supervised learning
Preliminaries

• Training dataset  with each  defining feature 
vector and  its associated label. 

D = (xi, yi)n
i=1 x = (x1, …, xp)

y
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x

inputs

̂y

prediction

σ(x) = h1
σ(h1) = h2

ℓ( ̂y, y)

loss

• Learn a parametric  
function   with . 

• Train by updating  in the 
opposite direction of the 
gradients of the loss. 

• Empirical Risk function: 

fθ θ ∈ ℝm

θ

Update via chain rule 

∇θℓ( ̂y, y)

min
✓

1

n

X

i

`(f✓(x), y)

<latexit sha1_base64="JqNVrkSovlO1qpGesnT8g/nLeWU="></latexit>
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Optimization in Science and Engineering
• Optimization has a profound impact on 

science, engineering, and society. 

• The rapid modernization of many scientific 
and engineering domains is introducing 
significant challenges that complicate their 
operations. 

• New solutions must be deployed often and 
be robust to different, uncertain, operating 
conditions.  

• The result is a massive increase in 
computational resources. 

• Force systems operators to produce 
suboptimal solutions, resulting in significant 
economical and societal costs.

12
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Constrained optimization in Science and Engineering
The Electrical Power System

Impact

• Revenue: $400B (US, annual) 

• Consumption: 4.18T KWh (US, annual) 

• Climate impact: 1.87B metric tons  
(~40% of global) CO2 annual emissions 
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• Benefits from fast and accurate approximations. 
• Massive amounts of data are being generated.

Optimization in Power Systems



Can we use ML to build  
better approximations?
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Learning proxy optimizers
Learning to solve optimization problems

• We are interested in solving problems of the following form: 

• where inequality  and equality  constraints are arbitrary but 
continuous and differentiable.

gi ≤ 0 hi = 0

16

data <latexit sha1_base64="BR+kjc+XVpu6etFat/KetzpHGKk="></latexit>

O(d) = z⇤ = argmin
z

f(z, d)

subject to gi(z, d) � 0, 8i 2 [m]

hi(z, d) = 0, 8i 2 [p]
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Approximate
Optimizer

Learning proxy optimizers
Key idea

17

Data

<latexit sha1_base64="E9E8x9FjkNB/jCPGeusvyVxMUV8="></latexit>

O(d) : z⇤ = argmin
z

f(z, d)

s.t. g(z, d)  0,

h(z, d) = 0

<latexit sha1_base64="wNXpttNCxY/s/nyhar14ZIdipZ0="></latexit>

Õ
<latexit sha1_base64="OZjhsbxjOaQfqQtersX4fLak01Q="></latexit>

D = {(d,O(d))}

<latexit sha1_base64="YIc4IYNYk4RB8dDPDNyn/qprHOg="></latexit>

z̃⇤
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Approximate
Optimizer

Learning proxy optimizers
Key idea
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Data
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O(d) : z⇤ = argmin
z

f(z, d)

s.t. g(z, d)  0,

h(z, d) = 0
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D = {(d,O(d))}

<latexit sha1_base64="dToJy9VcJUcAwn5nSJRsG/bjca8="></latexit>

Õ : f✓⇤

<latexit sha1_base64="YIc4IYNYk4RB8dDPDNyn/qprHOg="></latexit>

z̃⇤

<latexit sha1_base64="R+3enTloExgOd471iLoiOxAwvtI="></latexit>

O
⇤ = argmin

✓

nX

i=1

`(f✓(di), z
⇤
i )

s.t. g(f✓(di), di)  0

h(f✓(di), di) = 0

✓⇤

<latexit sha1_base64="xfnPY2S0TBUQzls0MszFb92veK8=">AAACMXicdVDLSgMxFM3UV62vUZdugkUQkTJTRu2y6MZlBfuA6VgyaaYNzTxI7ghl6Hf4Ia7d6jd0J+7EnzB9gUo9EDicc+5NcvxEcAWWNTZyK6tr6xv5zcLW9s7unrl/0FBxKimr01jEsuUTxQSPWB04CNZKJCOhL1jTH9xM/OYjk4rH0T0ME+aFpBfxgFMCWuqYdtaeLnFlz/cyq3TpWJZdPrdK1hQTYpcvKs6oDX0G5OFs1DGLixhexPAihu25UkRz1DrmZ7sb0zRkEVBBlHJtKwEvIxI4FWxUaKeKJYQOSI+5mkYkZMrLpq8a4ROtdHEQS30iwFP150RGQqWGoa+TIYG++utNxKWeHy6T3RSCipfxKEmBRXR2f5AKDDGe1Ie7XDIKYqgJoZLrL2DaJ5JQ0CUXdDeLAvD/pFEu2U7JuXOK1et5S3l0hI7RKbLRFaqiW1RDdUTRE3pBr+jNeDbGxrvxMYvmjPnMIfoF4+sbH+2mOg==</latexit>
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O
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✓

nX
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Lagrangian Duality
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• Consider a problem of the type (only inequality constraints to ease presentation)
<latexit sha1_base64="pdsVDiRiQJGQLh/64mDioEifTVQ="></latexit>

O = argmin
z

f(z) subject to g(z)  0;h(z) = 0

A brief review
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• Consider a problem of the type (only inequality constraints to ease presentation)
<latexit sha1_base64="pdsVDiRiQJGQLh/64mDioEifTVQ="></latexit>

O = argmin
z

f(z) subject to g(z)  0;h(z) = 0

• The associated Lagrangian dual function is: Violation-based Lagrangian function:

The penalty terms are always non-negative:   
captures a quantification of the constraint  
violations

z
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z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

• The optimization problem becomes:

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>
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Lagrangian Duality
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• Consider a problem of the type (only inequality constraints to ease presentation)

• The strongest Lagrangian relaxation of O is found by

<latexit sha1_base64="pdsVDiRiQJGQLh/64mDioEifTVQ="></latexit>

O = argmin
z

f(z) subject to g(z)  0;h(z) = 0

• The associated Lagrangian dual function is: Violation-based Lagrangian function:

The penalty terms are always non-negative:   
captures a quantification of the constraint  
violations

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

• The optimization problem becomes:

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>

z

<latexit sha1_base64="5+o0+74i1GcROnbenAWD+2vvUd0=">AAAB/3icbZDNTgIxFIXv4B/iH+rSTSMxcUVmDIkuiW5cQiI/CUxIp9yBhnZm0nZMkLBw7VafwZ1x66P4CL6FBWahwEmafDnn3rQ9QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju1neekSleRw9mHGCvqSDiIecUWOt+lOvWHLL7lxkFbwMSpCp1iv+dPsxSyVGhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHYkQlan8yf+iUXFinT8JY2RMZMnf/bkyo1HosAzspqRnq5Wxmrs0Cuc7upCa88Sc8SlKDEVvcH6aCmJjMyiB9rpAZMbZAmeL2C4QNqaLM2MoKthtvuYlVaF6VvUq5Uq+UqrdZS3k4g3O4BA+uoQr3UIMGMEB4gVd4c56dd+fD+VyM5pxs5xT+yfn6BeJ0ljc=</latexit>
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With Lagrangian duality

21

• Exploit the Lagrangian Dual approach in the learning task to approximate minimizer 
• Given multipliers  the Lagrangian loss function is defined as

$
%

Learning proxy optimizers

<latexit sha1_base64="oq2KnEgamh7Zesi7j120HSgkKY8="></latexit>

`�(·) = `
⇣
f✓(d), z

⇤
i

⌘
+ � ⌫

⇣
g(f✓(d), d)  0

⌘

Fioretto et al.,AAAI:20, ECAI:20
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• Given multipliers  the Lagrangian loss function is defined as

$
%

Learning proxy optimizers

<latexit sha1_base64="oq2KnEgamh7Zesi7j120HSgkKY8="></latexit>
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⇤
i
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With Lagrangian duality

21

• Exploit the Lagrangian Dual approach in the learning task to approximate minimizer 
• Given multipliers  the Lagrangian loss function is defined as

$
%

Learning proxy optimizers

<latexit sha1_base64="oq2KnEgamh7Zesi7j120HSgkKY8="></latexit>

`�(·) = `
⇣
f✓(d), z

⇤
i

⌘
+ � ⌫

⇣
g(f✓(d), d)  0

⌘

• To produce an approximation                  of  for fixed multipliers , we solve<latexit sha1_base64="2/5/Ep6lbX0JBAtwdMmvqMA/7BQ="></latexit>

O
<latexit sha1_base64="ANgeuzX3gWZ5N72rvKebUKTVvXU="></latexit>

�
<latexit sha1_base64="YJgAPJ3vPKYqlHVw7smajsphRxE="></latexit>

✓⇤(�) = argmin
✓

nX

i=1

`�
⇣
f✓(di), z

⇤
i

⌘

<latexit sha1_base64="Xi2AkGSoKk8W+4Ng4DhIkRH9oEg="></latexit>

Õ = f✓⇤(�)

Fioretto et al.,AAAI:20, ECAI:20
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With Lagrangian duality
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• Exploit the Lagrangian Dual approach in the learning task to approximate minimizer 
• Given multipliers  the Lagrangian loss function is defined as

$
%

Learning proxy optimizers

<latexit sha1_base64="oq2KnEgamh7Zesi7j120HSgkKY8="></latexit>

`�(·) = `
⇣
f✓(d), z

⇤
i

⌘
+ � ⌫

⇣
g(f✓(d), d)  0

⌘

• To produce an approximation                  of  for fixed multipliers , we solve<latexit sha1_base64="2/5/Ep6lbX0JBAtwdMmvqMA/7BQ="></latexit>

O
<latexit sha1_base64="ANgeuzX3gWZ5N72rvKebUKTVvXU="></latexit>

�
<latexit sha1_base64="YJgAPJ3vPKYqlHVw7smajsphRxE="></latexit>

✓⇤(�) = argmin
✓

nX

i=1

`�
⇣
f✓(di), z

⇤
i

⌘

<latexit sha1_base64="Xi2AkGSoKk8W+4Ng4DhIkRH9oEg="></latexit>

Õ = f✓⇤(�)

<latexit sha1_base64="fVbjK/zkvgbbYpdrzQe/YfDFvDI="></latexit>

Õ = f✓⇤(�⇤)• To obtain                   (the strongest Lagrangian relaxation of  ), the Lagrangian dual 
computes the optimal multipliers:

<latexit sha1_base64="2/5/Ep6lbX0JBAtwdMmvqMA/7BQ="></latexit>

O

�⇤ = argmax
�

min
✓

nX

l=1

`�(f✓(dl), yl)

<latexit sha1_base64="2N7BVmWrYelxPJPJcJUP44fc7sM="></latexit>

<latexit sha1_base64="YJgAPJ3vPKYqlHVw7smajsphRxE="></latexit>

✓⇤(�) = argmin
✓

nX

i=1

`�
⇣
f✓(di), z

⇤
i

⌘

Fioretto et al.,AAAI:20, ECAI:20
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• Use an iterative approach to find good 
values of primal and dual variables 
 
 
 
 
 
 

The Learning Step

22

�0
i  0 8i 2 [m]

<latexit sha1_base64="8B3qqrPxEKKfg3tM9dlRwOmX2Zs="></latexit>

(dl, z
⇤
l )

<latexit sha1_base64="Zp3Vcq8dyxO++QiMmt6kPGuj9/A="></latexit>

(dl, z
⇤
l )

<latexit sha1_base64="Zp3Vcq8dyxO++QiMmt6kPGuj9/A="></latexit>

ẑl  f�k
✓ (dl)

<latexit sha1_base64="nXZ0hxzTqO6pj8wvltYH40ujd0E="></latexit>

✓(�k+1) ✓(�k)� ↵r`(ẑl, z⇤l )

<latexit sha1_base64="8qLjS71akfspamSl66jP+lcu2+g="></latexit>

�k+1
i  �k

i + ⇢
Pn

l=1 ⌫i(gi(ẑl)) 8i 2 [m]

<latexit sha1_base64="TvLWh+UNQkA5ixWTK63C57y2VBU="></latexit>

�k+1
i  �k

i + ⇢
Pn

l=1 ⌫i(gi(ẑl)) 8i 2 [m]

<latexit sha1_base64="TvLWh+UNQkA5ixWTK63C57y2VBU="></latexit>

✓(�k)

<latexit sha1_base64="rSaCHCelz+n4AVsuyfyQDYVRB8k="></latexit>

✓k+1 = argmin
✓

E(d,z⇤)⇠D

h
`(f�k

✓ (d), z⇤)
i

<latexit sha1_base64="+rE531HX+yQFARId5sbEPZBsm4Q="></latexit>

✓k+1

<latexit sha1_base64="4Oe1PfXJI3HTksE/VRk8Ote50BI="></latexit>

Fioretto et al.,AAAI:20, ECAI:20
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• Use an iterative approach to find good 
values of primal and dual variables 
 
 
 
 
 
 

The Learning Step
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• The “primal” step is approximated using 
a Stochastic Gradient method. 

• This step does not recompute the primal variables from scratch! 
It uses a warm-start.

Fioretto et al.,AAAI:20, ECAI:20
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How does it works in Practice?
AC Optimal Power Flow Predictions

23

M: constrained-aware ML

DC: linear approximation 
(as used in industry)

Solution Quality

AC: full non-linear model

Objective cost distance and runtime

Fioretto et al.,AAAI:20,TPWRS:21
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How does it works in Practice?
AC Optimal Power Flow Predictions

23

Summary:  Constrained-aware ML can predict quantities 
several orders of magnitude more accurately and faster than 
the linear (DC) approximation (and a baseline learning model 

) and reports significantly fewer constraint violations.&−

M: constrained-aware ML

DC: linear approximation 
(as used in industry)

Solution Quality

AC: full non-linear model

Objective cost distance and runtime

Fioretto et al.,AAAI:20,TPWRS:21
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Why does it work?

24

FCC Tanh
FCC ReLU

Solution trajectory

ReLU

TanH

• Solution trajectories can be approximated by 
piecewise linear functions.

• ReLU neural networks have the ability to capture 
piecewise linear functions. 

Fioretto et al.,NeurIPS:21
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Why does it work?

24

FCC Tanh
FCC ReLU

Solution trajectory

ReLU

TanH

• Solution trajectories can be approximated by 
piecewise linear functions.

• ReLU neural networks have the ability to capture 
piecewise linear functions. 

• Theorem (model capacity). Let  be a 
piecewise linear function with p pieces. If f is 
represented by a ReLU network with depth k+1, then 
it must have size at least . 

• Corollary: Conversely, any piecewise linear function f 
that is represented by a ReLU network of depth k+1 
and size at most s, can have at most   pieces.

f : ℝd → ℝ

1
2 kp1

k − 1

( 2s
k )

k

Fioretto et al.,NeurIPS:21
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Why does it work?
The importance of modeling constraints

• High-volatile regions are often associated 
with “problematic” constraints.  

• With classical training, the hidden 
representation of a DNN does not accurately 
learn the physical constraints regulating the 
OPF solutions.  

• Introducing constraints using Lagrangian-
based penalties is not a regularization term.  

• It helps the model accurately learn different 
hidden features, i.e., to more accurately 
capture the dependencies across variables 
and their outputs. 

25Fioretto et al.,NeurIPS:21
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Scaling to massive problem sizes
Exploiting the problem structure

• The architectures adopted to construct 
proxy optimizers predict decision variables, 
thus they may have a large number of 
outputs and may suffer scalability issues. 

• Many optimization problems exhibit a rich 
structure that is traditionally exploited. 

• For example, power networks are 
organized in voltage levels, exposing 
subproblems that can be exploited.  

26

Power Network

Input 
Layers

constraints constraints
Lc

<latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit>

Lc
<latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit>
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Deep Neural Network

380Kv

225Kv 225Kv

VL1

VL0

VL2

Fioretto et al.,TPWPS:21



Ferdinando Fioretto | University of  Virginia 27

Power Network

Input 
Layers

constraints constraints
Lc

<latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit>
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<latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit><latexit sha1_base64="7MpwdBOKmDtKxJjzexxB/wbqwvk=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwkLArgpYBGwuLCOYByRJmbybJkNnZdWY2EJZ8h42FIrZ+jJ1/42yyhSYeGDiccy/3zAliwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6ShSyBkYiUu2Aaia4ZA3DjWDtWDEaBoK1gvFt5rcmTGkeyUczjZkf0qHkA47UWMnvhtSMkIr0ftbDXrniVt05yCrxclKBHPVe+avbjzAJmTQoqNYdz42Nn1JlOAo2K3UTzWKKYzpkHUslDZn203noGTmzSp8MImWfNGSu/t5Iaaj1NAzsZBZSL3uZ+J/XSczgxk+5jBPDJC4ODRJBTESyBkifK4ZGTC2hqLjNSnBEFUVjeyrZErzlL6+S5mXVc6vew1WldpHXUYQTOIVz8OAaanAHdWgAwhM8wyu8ORPnxXl3PhajBSffOYY/cD5/APPDkiI=</latexit>

Output 
Layers

Deep Neural Network

380Kv

225Kv 225Kv

VL1

VL0

VL2

Scaling to massive problem sizes
Lagrangian decomposition

7 Objective 3: Scalability and Approximations in e2e-COL

7.1 Thread 6: Scalable e2e-COL with Lagrangian Decomposition

Motivation The DNNs presented in Sections 5.1 and 6.1 have a number of fully-connected layers for
predicting their outputs. These learning models tend to have a large number of parameters that scale with
the size of the target problem P. For example, the DNN trained using the Lagrangian COL (studied in
Thread 1), requires 13.9GB of memory to train over the Lyon sub-region of the French transmission system
[15] (3,411 buses and 4,499 lines). Thus, these methods may suffer from scalability issues when applied to
very large problems. Many problems of interest, however, are rich in structure, e.g., the organization in
regions and voltage levels in power networks or the temporal organization of tasks in scheduling problems.
These structures unveil a set of smaller but interconnected subproblems that can be exploited. This thread
exploits these properties to learn very large CO problems. It proposes to combine Lagrangian decomposition and
deep learning to exploit the structure of the problem of interest.
Lagrangian Decomposition Consider an optimization problem

Minimize
x

f (x) subject to: h1(x) � 0, h2(x) � 0, x � 0. (14)

Lagrangian decomposition solves Problem (14) by decoupling the constraints through the introduction of
new variables and performing a Lagrangian relaxation of the coupling constraints, i.e.,

Minimize
x

f (x) + l(x0 � x) subject to: h1(x) � 0, h2(x0) � 0, x, x0 � 0.

This leads to two subproblems, that can be solved independently and embedded in a COL framework:
Minimize

x
f (x)� lx subject to: h1(x) � 0, x � 0 and Minimize

x0
lx0 subject to: h2(x0) � 0, x0 � 0.

⌅ Proposed Work This thread proposes the use of Lagrangian decomposition to exploit the structure
of a problem of interest. It first decouples the problem in separate subproblems. In power systems, for
instance, there is a regional organization in which components at the sub-region level are operated by
different transmission system operators. In scheduling, different subproblems are created by grouping
tasks based on their order in their jobs. Each subproblem can be represented as proposed in Section 5.1,
with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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7 Objective 3: Scalability and Approximations in e2e-COL

7.1 Thread 6: Scalable e2e-COL with Lagrangian Decomposition

Motivation The DNNs presented in Sections 5.1 and 6.1 have a number of fully-connected layers for
predicting their outputs. These learning models tend to have a large number of parameters that scale with
the size of the target problem P. For example, the DNN trained using the Lagrangian COL (studied in
Thread 1), requires 13.9GB of memory to train over the Lyon sub-region of the French transmission system
[15] (3,411 buses and 4,499 lines). Thus, these methods may suffer from scalability issues when applied to
very large problems. Many problems of interest, however, are rich in structure, e.g., the organization in
regions and voltage levels in power networks or the temporal organization of tasks in scheduling problems.
These structures unveil a set of smaller but interconnected subproblems that can be exploited. This thread
exploits these properties to learn very large CO problems. It proposes to combine Lagrangian decomposition and
deep learning to exploit the structure of the problem of interest.
Lagrangian Decomposition Consider an optimization problem

Minimize
x

f (x) subject to: h1(x) � 0, h2(x) � 0, x � 0. (14)

Lagrangian decomposition solves Problem (14) by decoupling the constraints through the introduction of
new variables and performing a Lagrangian relaxation of the coupling constraints, i.e.,

Minimize
x

f (x) + l(x0 � x) subject to: h1(x) � 0, h2(x0) � 0, x, x0 � 0.

This leads to two subproblems, that can be solved independently and embedded in a COL framework:
Minimize

x
f (x)� lx subject to: h1(x) � 0, x � 0 and Minimize

x0
lx0 subject to: h2(x0) � 0, x0 � 0.

⌅ Proposed Work This thread proposes the use of Lagrangian decomposition to exploit the structure
of a problem of interest. It first decouples the problem in separate subproblems. In power systems, for
instance, there is a regional organization in which components at the sub-region level are operated by
different transmission system operators. In scheduling, different subproblems are created by grouping
tasks based on their order in their jobs. Each subproblem can be represented as proposed in Section 5.1,
with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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7.1 Thread 6: Scalable e2e-COL with Lagrangian Decomposition

Motivation The DNNs presented in Sections 5.1 and 6.1 have a number of fully-connected layers for
predicting their outputs. These learning models tend to have a large number of parameters that scale with
the size of the target problem P. For example, the DNN trained using the Lagrangian COL (studied in
Thread 1), requires 13.9GB of memory to train over the Lyon sub-region of the French transmission system
[15] (3,411 buses and 4,499 lines). Thus, these methods may suffer from scalability issues when applied to
very large problems. Many problems of interest, however, are rich in structure, e.g., the organization in
regions and voltage levels in power networks or the temporal organization of tasks in scheduling problems.
These structures unveil a set of smaller but interconnected subproblems that can be exploited. This thread
exploits these properties to learn very large CO problems. It proposes to combine Lagrangian decomposition and
deep learning to exploit the structure of the problem of interest.
Lagrangian Decomposition Consider an optimization problem

Minimize
x

f (x) subject to: h1(x) � 0, h2(x) � 0, x � 0. (14)

Lagrangian decomposition solves Problem (14) by decoupling the constraints through the introduction of
new variables and performing a Lagrangian relaxation of the coupling constraints, i.e.,
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x

f (x) + l(x0 � x) subject to: h1(x) � 0, h2(x0) � 0, x, x0 � 0.

This leads to two subproblems, that can be solved independently and embedded in a COL framework:
Minimize

x
f (x)� lx subject to: h1(x) � 0, x � 0 and Minimize

x0
lx0 subject to: h2(x0) � 0, x0 � 0.

⌅ Proposed Work This thread proposes the use of Lagrangian decomposition to exploit the structure
of a problem of interest. It first decouples the problem in separate subproblems. In power systems, for
instance, there is a regional organization in which components at the sub-region level are operated by
different transmission system operators. In scheduling, different subproblems are created by grouping
tasks based on their order in their jobs. Each subproblem can be represented as proposed in Section 5.1,
with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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Motivation The DNNs presented in Sections 5.1 and 6.1 have a number of fully-connected layers for
predicting their outputs. These learning models tend to have a large number of parameters that scale with
the size of the target problem P. For example, the DNN trained using the Lagrangian COL (studied in
Thread 1), requires 13.9GB of memory to train over the Lyon sub-region of the French transmission system
[15] (3,411 buses and 4,499 lines). Thus, these methods may suffer from scalability issues when applied to
very large problems. Many problems of interest, however, are rich in structure, e.g., the organization in
regions and voltage levels in power networks or the temporal organization of tasks in scheduling problems.
These structures unveil a set of smaller but interconnected subproblems that can be exploited. This thread
exploits these properties to learn very large CO problems. It proposes to combine Lagrangian decomposition and
deep learning to exploit the structure of the problem of interest.
Lagrangian Decomposition Consider an optimization problem
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Lagrangian decomposition solves Problem (14) by decoupling the constraints through the introduction of
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This leads to two subproblems, that can be solved independently and embedded in a COL framework:
Minimize
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f (x)� lx subject to: h1(x) � 0, x � 0 and Minimize

x0
lx0 subject to: h2(x0) � 0, x0 � 0.

⌅ Proposed Work This thread proposes the use of Lagrangian decomposition to exploit the structure
of a problem of interest. It first decouples the problem in separate subproblems. In power systems, for
instance, there is a regional organization in which components at the sub-region level are operated by
different transmission system operators. In scheduling, different subproblems are created by grouping
tasks based on their order in their jobs. Each subproblem can be represented as proposed in Section 5.1,
with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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7 Objective 3: Scalability and Approximations in e2e-COL

7.1 Thread 6: Scalable e2e-COL with Lagrangian Decomposition

Motivation The DNNs presented in Sections 5.1 and 6.1 have a number of fully-connected layers for
predicting their outputs. These learning models tend to have a large number of parameters that scale with
the size of the target problem P. For example, the DNN trained using the Lagrangian COL (studied in
Thread 1), requires 13.9GB of memory to train over the Lyon sub-region of the French transmission system
[15] (3,411 buses and 4,499 lines). Thus, these methods may suffer from scalability issues when applied to
very large problems. Many problems of interest, however, are rich in structure, e.g., the organization in
regions and voltage levels in power networks or the temporal organization of tasks in scheduling problems.
These structures unveil a set of smaller but interconnected subproblems that can be exploited. This thread
exploits these properties to learn very large CO problems. It proposes to combine Lagrangian decomposition and
deep learning to exploit the structure of the problem of interest.
Lagrangian Decomposition Consider an optimization problem

Minimize
x

f (x) subject to: h1(x) � 0, h2(x) � 0, x � 0. (14)

Lagrangian decomposition solves Problem (14) by decoupling the constraints through the introduction of
new variables and performing a Lagrangian relaxation of the coupling constraints, i.e.,

Minimize
x

f (x) + l(x0 � x) subject to: h1(x) � 0, h2(x0) � 0, x, x0 � 0.

This leads to two subproblems, that can be solved independently and embedded in a COL framework:
Minimize

x
f (x)� lx subject to: h1(x) � 0, x � 0 and Minimize

x0
lx0 subject to: h2(x0) � 0, x0 � 0.

⌅ Proposed Work This thread proposes the use of Lagrangian decomposition to exploit the structure
of a problem of interest. It first decouples the problem in separate subproblems. In power systems, for
instance, there is a regional organization in which components at the sub-region level are operated by
different transmission system operators. In scheduling, different subproblems are created by grouping
tasks based on their order in their jobs. Each subproblem can be represented as proposed in Section 5.1,
with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
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7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
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with additional constraints to couple the connected subproblems. In the power network example, these
constraints link two sides of a transmission line that connect two subnetworks, while in the scheduling
problems they link the dependency between the last and the first tasks of each pair of adjacent subproblems.
One of the key benefits of the resulting Lagrangian decomposition COL is that the subproblems can be
trained independently in each iteration of the Lagrangian dual, allowing COL to scale its learning to very
large problems [15; 25]. There are however a number of directions to address, including:
D6.1: Study how to enhance the model above with the Alternating Direction Method of Multipliers.
D6.2: Study how to exploit the target solution to enhance the loss of the Lagrangian Decomposition COL process.
Direction D6.1 observes that in many problems the convergence of dual methods can be improved using an
augmented Lagrangian approach [13]. This direction explores the use of the Alternating Direction Method of
Multipliers (ADMM) for COL. Indeed, ADMM is favorable as it supports effective problem decomposition
by preserving the good convergence properties of augmented Lagrangian [13]. An ADMM solution target-
ing large-scale AC-OPF problems was explored by the PI in [48], albeit in a different context, showing the
potential of the idea. Direction D6.2 recognizes that the target labels ?x already contain the information about
the coupling constraints. In power systems, they represent the power flows along connecting transmission
lines and in the scheduling domain, the start-times of the connecting tasks. Hence, the difference between
these values and the predicted ones should also be part of the loss function of each sub-problem.

7.2 Thread 7: Learning CO Approximations

Motivation To be solved efficiently, many CO problems rely on the development of relaxations or heuristics
(referred to as approximations here). In power systems, for example, the DC-OPF is a linear approximation
to the AC model which is widely adopted in the industry; in scheduling, variants of the JSP (e.g., with
preemptive task processing times) have polynomial-time approximations which allow the (approximate)
resolution of large problems. These approximations are important for solving hard CO problems as well as
for facilitating e2e-COL training. Indeed, e2e-COL relies on the presence of constraints surrogates that offer
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Fig. 2: Convergence analysis for MB , MC , MD
C on the French Transmission System topologies.

it is larger in percentage, as the training minimizes the error in
absolute scale (but not in relative scale). Branch errors can be
strongly correlated with their impedance values, as impedance
values directly affect the power flows (indirect) predictions.
Table II reports comprehensive results on the absolute errors.
For each quantity x, it reports the value 1

mN ||x´ x̂||1, where
m is the number of buses, generators, or branches. The results
are consistent across all the benchmarks and demonstrate the
high accuracy of the OPF-DNN predictions.

Test Case v̂ ✓̂ p̂g q̂g p̂f q̂f

89 pegase 0.025 0.005 0.585 0.425 0.152 0.353
118 ieee 0.009 0.004 0.013 0.016 0.035 0.059
300 ieee 0.006 0.020 0.183 0.068 0.152 0.101
MSR 0.002 0.001 0.007 0.005 0.039 0.066
France EHV 0.012 0.008 0.032 0.104 0.146 0.099
France Lyon 0.025 0.005 0.098 0.093 0.087 0.153

TABLE II: Mean prediction errors in kV, degrees, MW, MVA
for v̂, ✓̂, pp̂g, p̂f q, pq̂g, q̂f ), respectively.

E. Feasibility Errors

It is important to study how the predictions
pv̂, ✓̂, p̂g, q̂g, p̂f q sastify the OPF constraints. There are
no violations due to constraints (5a) and (5b) since these

Test Case (2a) (3a) (3b) (4)

89 pegase 99.9 99.8 98.8 99.9
118 ieee 99.9 99.7 99.8 100.0
300 ieee 98.7 98.3 98.9 99.7
MSR 99.8 99.6 99.9 100.0
France EHV 99.7 99.2 99.7 100.0
France Lyon 99.8 99.8 99.9 100.0

TABLE III: Percentage of bound constraints satisfied.

equations (Ohm’s law) are used to compute the predicted flow
values pp̂f , q̂f q. Table III reports results on the satisfaction of
constraints (2a), (3a), (3b), and (4) in percentage. Table IV
complements these results and reports the mean violations for
the violated constraints in Table III. Power balance constraints
(6a) and (6b) are also included. The mean violations are
small, indicating the strong accuracy of the OPF-DNN
predictions. Moreover, the violation pattern over the buses for
constraints (6a) displays the same behavior as that observed
for the errors on the branch flows: the errors tend to be very
small for buses adjacent to branches carrying large flows.
Figure 4 visualizes this information for a representative case
study: it reports the mean absolute violations of constraints
(6a) for the MSR test case. Observe how small the constraint
violations are in absolute terms.
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Train time Predict time Train Mem. AC-OPF
Test Case (min) (sec) (GB) (sec)

89 pegase 48 0.0013 1.1 0.2
118 ieee 51 0.0013 1.1 0.2
300 ieee 54 0.0014 1.2 1.9
MSR 59 0.0016 1.5 2.2
France EHV 142 0.0016 4.6 4.2
France Lyon 444 0.0020 13.9 47.9

TABLE VI: Training and inference computational costs.

G. Time and Memory

Finally, table VI reports the average computation times and
the GPU memory utilization for the OPF-DNN training across
all benchmarks. In addition, it reports the time needed to
produce a prediction for a given instance. To give the proper
context, the table also reports the average time to solve the AC-
OPFs. For the case studies, the training times are reasonable
and the prediction times are up to 4 orders of magnitude
faster than the AC-OPF runtimes. OPF-DNN, thus, provides

an appealing tradeoff between accuracy and efficiency.

X. CONCLUSIONS

The paper proposed OPF-DNN, a deep learning approach
to produce high-fidelity approximations of large-scale optimal
power flows in milliseconds. The approach combines deep
learning and Lagrangian duality to model the physical and
engineering constraints. Computational experiments on real-
life case studies based on the French transmission system (up
to 3,400 buses and 4,500 lines) demonstrate the potential of the
approach. These results open a new avenue in approximating
the AC-OPF, a key building block in many power system appli-
cations, including expansion planning and security assessment
studies. Current work aims at scaling the approach to even
larger systems with over 104 buses, which raise challenges in
GPU memory and training time.
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C on the French Transmission System topologies.

it is larger in percentage, as the training minimizes the error in
absolute scale (but not in relative scale). Branch errors can be
strongly correlated with their impedance values, as impedance
values directly affect the power flows (indirect) predictions.
Table II reports comprehensive results on the absolute errors.
For each quantity x, it reports the value 1

mN ||x´ x̂||1, where
m is the number of buses, generators, or branches. The results
are consistent across all the benchmarks and demonstrate the
high accuracy of the OPF-DNN predictions.

Test Case v̂ ✓̂ p̂g q̂g p̂f q̂f

89 pegase 0.025 0.005 0.585 0.425 0.152 0.353
118 ieee 0.009 0.004 0.013 0.016 0.035 0.059
300 ieee 0.006 0.020 0.183 0.068 0.152 0.101
MSR 0.002 0.001 0.007 0.005 0.039 0.066
France EHV 0.012 0.008 0.032 0.104 0.146 0.099
France Lyon 0.025 0.005 0.098 0.093 0.087 0.153

TABLE II: Mean prediction errors in kV, degrees, MW, MVA
for v̂, ✓̂, pp̂g, p̂f q, pq̂g, q̂f ), respectively.

E. Feasibility Errors

It is important to study how the predictions
pv̂, ✓̂, p̂g, q̂g, p̂f q sastify the OPF constraints. There are
no violations due to constraints (5a) and (5b) since these

Test Case (2a) (3a) (3b) (4)

89 pegase 99.9 99.8 98.8 99.9
118 ieee 99.9 99.7 99.8 100.0
300 ieee 98.7 98.3 98.9 99.7
MSR 99.8 99.6 99.9 100.0
France EHV 99.7 99.2 99.7 100.0
France Lyon 99.8 99.8 99.9 100.0

TABLE III: Percentage of bound constraints satisfied.

equations (Ohm’s law) are used to compute the predicted flow
values pp̂f , q̂f q. Table III reports results on the satisfaction of
constraints (2a), (3a), (3b), and (4) in percentage. Table IV
complements these results and reports the mean violations for
the violated constraints in Table III. Power balance constraints
(6a) and (6b) are also included. The mean violations are
small, indicating the strong accuracy of the OPF-DNN
predictions. Moreover, the violation pattern over the buses for
constraints (6a) displays the same behavior as that observed
for the errors on the branch flows: the errors tend to be very
small for buses adjacent to branches carrying large flows.
Figure 4 visualizes this information for a representative case
study: it reports the mean absolute violations of constraints
(6a) for the MSR test case. Observe how small the constraint
violations are in absolute terms.
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Train time Predict time Train Mem. AC-OPF
Test Case (min) (sec) (GB) (sec)

89 pegase 48 0.0013 1.1 0.2
118 ieee 51 0.0013 1.1 0.2
300 ieee 54 0.0014 1.2 1.9
MSR 59 0.0016 1.5 2.2
France EHV 142 0.0016 4.6 4.2
France Lyon 444 0.0020 13.9 47.9

TABLE VI: Training and inference computational costs.

G. Time and Memory

Finally, table VI reports the average computation times and
the GPU memory utilization for the OPF-DNN training across
all benchmarks. In addition, it reports the time needed to
produce a prediction for a given instance. To give the proper
context, the table also reports the average time to solve the AC-
OPFs. For the case studies, the training times are reasonable
and the prediction times are up to 4 orders of magnitude
faster than the AC-OPF runtimes. OPF-DNN, thus, provides

an appealing tradeoff between accuracy and efficiency.

X. CONCLUSIONS

The paper proposed OPF-DNN, a deep learning approach
to produce high-fidelity approximations of large-scale optimal
power flows in milliseconds. The approach combines deep
learning and Lagrangian duality to model the physical and
engineering constraints. Computational experiments on real-
life case studies based on the French transmission system (up
to 3,400 buses and 4,500 lines) demonstrate the potential of the
approach. These results open a new avenue in approximating
the AC-OPF, a key building block in many power system appli-
cations, including expansion planning and security assessment
studies. Current work aims at scaling the approach to even
larger systems with over 104 buses, which raise challenges in
GPU memory and training time.
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Job Shop Scheduling Problems
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Schedule a set of jobs of varying processing times over a set of machines 
of varying processing power while minimizing the total length of the schedule.
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Challenges in Learning Discrete Problems
Job shop scheduling

• Data generated by ”slowing down” machines, 
simulating some unexpected ill-functioning 
component in the scheduling pipeline.  

• Slowing down even a single machine by 1 
second produces large variabilities in the 
resulting schedules.  

• Due to multiple symmetric solutions and/or 
when the outputs themselves are 
approximations. 

• The resulting learning models produce 
inaccurate predictions.
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Optimal Data Generation
• Given a set of input data !(") "$%

& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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• Given a set of input data !(") "$%

& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist
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2 O(x(i)) and
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2 O(x( j)), where
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k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
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i=1
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kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent

7

Optimal Data Generation
The solution trajectories may be significantly different 
depending on how the data is generated. Hence, the 
more volatile the trajectory, the harder it will be to learn. 

Given a set of input data , the goal is to 
construct the associated targets  for each  
that solve the following bi-level problem:

{x(i)}N
i=1

'(() i ∈ [N]

33

Standard labels OD labels

� �� �� �� �� ��
3HUFHQW�,QFUHDVH�LQ�3URFHVVLQJ�7LPHV

�����

�����

�����

�����

������

������

/�
�IU
RP
�5
RR
W

Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Optimal Data Generation
• Given a set of input data !(") "$%

& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
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`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist
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k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
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⌘
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The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],
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kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV
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1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent

7

Optimal Data Generation
The solution trajectories may be significantly different 
depending on how the data is generated. Hence, the 
more volatile the trajectory, the harder it will be to learn. 

Given a set of input data , the goal is to 
construct the associated targets  for each  
that solve the following bi-level problem:
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.

G
en

er
at

or
 s

et
po

in
t

Base load factor

100

150

50

0
0.800 0.850 0.900 0.950 1.000

Target
Prediction

Figure 3: Approximating highly
volatile function results in low-
variance models.

Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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• Given a set of input data !(") "$%

& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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• Heuristic approach:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Theorem (model capacity). Let  be a piecewise linear 
function with p pieces. If f is represented by a ReLU network 
with depth k+1, then it must have size at least . 

Theorem (approximation). If  is L-Lipschitz 
continuous, then for every , there exists some single-
layer neural network  of size  such that  
where              .

f : ℝd → ℝ
1
2 kp1

k − 1

f : [0,1]n → ℝ
ϵ > 0

ρ N ∥f − ρ∥∞ ≤ ϵ

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent

7

Standard labels OD labels

� �� �� �� �� ��
3HUFHQW�,QFUHDVH�LQ�3URFHVVLQJ�7LPHV

�����

�����

�����

�����

������

������

/�
�IU
RP
�5
RR
W

Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Figure 3: Approximating highly
volatile function results in low-
variance models.

Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Theorem (model capacity). Let  be a piecewise linear 
function with p pieces. If f is represented by a ReLU network 
with depth k+1, then it must have size at least . 

Theorem (approximation). If  is L-Lipschitz 
continuous, then for every , there exists some single-
layer neural network  of size  such that  
where              .

f : ℝd → ℝ
1
2 kp1

k − 1

f : [0,1]n → ℝ
ϵ > 0

ρ N ∥f − ρ∥∞ ≤ ϵ

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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& , the goal is to construct the associated targets "(") for each 
# ∈ [&] that solve the following bi-level problem:

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
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?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Algorithm 1:Opt. Data Generation

input :{x(i)
}

N
i=1: Input data

1 y(N)
 

?
y (N)

2 Õ(x(N))
2 for i = N � 1 down to 1 do
3 y(i)

 
?
y (i)
2 Õ(x(i))

4 y(i)
2

8>>>><
>>>>:

argminy ky � y(i+1)
kp

subject to: y 2 Cx(i)

f (y)  f (
?
y (i))

5 return � =
n⇣
x(i),y(i)

⌘oN
i=1

In practice, this bi-level minimization cannot be achieved,
due partially to its prohibitive size. It is possible, however,
to minimize the individual terms of (9a), each subject to
the result of the previous, by solving individual instances
sequentially. Algorithm 1 ensures that solutions to subse-
quent instances have minimal distance with respect to the
chosen p-norm (the experiments of Section 8 use p = 1).
This method approximates a set of solutions with minimal
total variation, while ensuring that the maximum magni-
tude of change between subsequent instances is also small.
When the data represent the result of a discrete optimiza-
tion, this coincides naturally with a representative function
which requires less pieces, with less extreme changes in slope. The method starts by solving a target
instance, e.g., the last in the given ordering � (line 1). Therein, Õ denotes the solution set of a
(possibly approximated) minimizer for problem (1). In the case of the job shop scheduling, for
example, Õ represents a local optimizer with a suitable time-limit. The process then generates the
next dataset instance y(i) in the ordering � by solving the optimization problem given in line 3. The
problem finds a solution to problem x(i) that is close to adjacent solution y(i+1) while preserving
optimality, i.e., the objective of the sought y is constrained to be at most that of

?
y (i)
2 Õ(x(i)).

When the di�culty of the underlying optimization instances makes the sequential solving of Algo-
rithm 1 impractical, structural properties of the CO problem may be exploited to increase e�ciency,
i.e., by the use of warm-starts or solution-guided search. In the Job Shop Scheduling case study,

?
y (i+1)

is feasible to the subsequent problem and may be used to warm-start its solution, carrying forward
solution progress between iterations of Algorithm 1. Therefore, a byproduct of this data-generation
approach is that the optimization problem in line 3 can be well-approximated within a short timeout.
When such exploits are not available, the secondary optimization of line 4 may be applied over
independently pre-solved instances in an analogous way.

In addition to providing enhanced e�cacy for learning, this method of generating target instances is
generally preferable from a modeling point of view. When predicted solutions to related decision
problems are close together, the resulting small changes are often more practical and actionable, and
thus highly preferred in practice. For example, a small change in power demands should result in an
updated optimal power network configuration which is easy to achieve given its previous state.

8 Application to case studies

The concepts introduced above are applied in this section to two representative case studies, Job
Shop Scheduling (JSS) and Optimal Power Flow (OPF). Both are of interest in the optimization
and machine learning communities as practical problems which must be routinely solved, but are
di�cult to approximate under stringent time constraints. The JSS problem represents the class of
combinatorial problems, while the OPF problem is continuous but nonlinear and non convex. Both
lack solution methods with strong guarantees on the rate of convergence, and the quality of solutions
that can be obtained. In the studies described below, a deep neural ReLU network equipped with a
Lagrangian loss function (described in details in Appendix A) is used to predict the problem solutions
that are approximately feasible and close to optimal. E�cient projection operators are subsequently
applied to ensure feasibility of the final output (See Appendix B and C).

Job shop scheduling

Job Shop Scheduling (JSS) assumes a set of J jobs, each consisting of a list of M tasks to be completed
in a specified order. Each task has a fixed processing time and is assigned to one of M machines,
so that each job assigns one task to each machine. The objective is to find a schedule with minimal
makespan, or time taken to process all tasks. The no-overlap condition requires that for any two
tasks assigned to the same machine, one must be complete before the other begins. See the problem
specification in Appendix B. The objective of the learning task is to predict the start times of all tasks
given a JSS problem specification (task duration, machine assignments).

Data Generation Algorithms The experiments examine the proposed models on a variety of prob-
lems from the JSPLIB library [28]. The ground truth data are constructed as follows: di↵erent
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Figure 3: Approximating highly
volatile function results in low-
variance models.

Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.
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Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Figure 2: Dataset solution y(i) comparison: L1 Distance from a reference solution (left); Test loss
(center); and Constraint violations (right).

with the desired goal that the predictions also satisfy the problem constraints: f✓(x(i)) 2 Cx.

While the above task is di�cult to achieve due to the presence of constraints, the paper adopts a
Lagrangian approach [14], which has been shown successful in learning constrained representations,
along with projection operators, commonly applied in constrained optimization to ensure constraint
satisfaction of an assignment. For a given point ŷ, e.g., representing the model prediction, a projection
operator ⇡C(ŷ) finds the closest feasible point y 2 C to ŷ under a p-norm:

⇡C(ŷ) def
= argmin

y
ky � ŷkp subject to: y 2 C.

The full description of the Lagrangian based approach and the projection method adopted is delegated
to the Appendix A.

5 Challenges in learning hard combinatorial problems

One of the challenges arising in this area comes from the recognition that a problem instance may
admit a variety of disparate optimal solutions for each input x. To illustrate this challenge, the
paper uses a set of scheduling instances that di↵er only in the time required to process tasks on
some machine. A standard approach to the generation of dataset in this context would consist in
solving each instance independently using some SoTA optimization solver. However, this may create
some significant issues that are illustrated in Figure 2 (more details on the problem are provided
in Section 8). The blue curve in Figure 2 (left) illustrates the behavior of this natural approach.
In the figure, the processing times in the instances increase from left to right and the blue curve
represents the L1-distance between the obtained solution to each instance (i.e., the start times of the
tasks) and a reference optimal solution for some instance. The volatile curve shows that meaningful
patterns can be lost, including the important relationship between an increase in processing times
and the resulting solutions. Figure 2 (center) shows that, while the solution patterns induced by the
target labels appear volatile, the ERM problem appears well behaved, in the face of minimizing
the test loss. However, when training loss converges, accuracy (measured as the distance between
the projection of the prediction ⇡C(ŷ) and the real label y) remains poor in models trained on such
data (blue star). Figure 2 (right) shows the average magnitude of the constraints violation during
training, corresponding to the two target solution sets of Figure 2 (left), along with a comparison of
the objective of the projection operator applied to the prediction: k⇡C(ŷ)� ŷk. It is worth emphasizing
that these volatility issues are further exacerbated when time constraints prevent the solver from
obtaining optimal solutions. Moreover, similar patterns can also be observed for the data generated
while solving optimal power flow instances that exhibit symmetries.

G
en

er
at

or
 s

et
po

in
t

Base load factor

100

150

50

0
0.800 0.850 0.900 0.950 1.000

Target
Prediction

Figure 3: Approximating highly
volatile function results in low-
variance models.

Additionally, extensive observations collected on the motivating
applications of the paper show that, even when the model com-
plexity (i.e., the dimensionality of the model parameters ✓) is
increased arbitrarily, the resulting learned models tend to have
low-variance. This is illustrated in Figure 3, where the orange
and blue curves depict, respectively, a function interpolating the
training labels and the associated learned solutions.

The goal of this paper is to construct datasets that are well-suited
for learning the optimal (or near-optimal) solutions to optimization problems. The benefit of such an
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Theorem (model capacity). Let  be a piecewise linear 
function with p pieces. If f is represented by a ReLU network 
with depth k+1, then it must have size at least . 

Theorem (approximation). If  is L-Lipschitz 
continuous, then for every , there exists some single-
layer neural network  of size  such that  
where              .

f : ℝd → ℝ
1
2 kp1

k − 1

f : [0,1]n → ℝ
ϵ > 0

ρ N ∥f − ρ∥∞ ≤ ϵ

The final observation that justifies the proposed approach is the fact that optimization problems
often satisfy a local Lipschitz condition, i.e., if the inputs of two instances are close, then they admit
solutions that are close as well, i.e., there exist

?
y (i)
2 O(x(i)) and

?
y ( j)
2 O(x( j)), where

k
?
y (i)
�

?
y ( j)
k  Ckx(i)

� x( j)
k, (7)

for some C � 0 and kx(i)
� x( j)

k  ✏, where ✏ is a small value. This is obviously true in linear
programming when the inputs vary in the objective coe�cients or the right-hand side of the constraints,
but it also holds locally for many other types of optimization problems. That observation suggests
that, when this local Lipschitz condition holds, it may be possible to generate solution trajectories that
are well-behaved and can be approximated e↵ectively. Note that Lipschitz functions can be nicely
approximated by neural networks as the following result indicates.
Theorem 3 (Approximation [9]). If f : [0, 1]n

! R is L-Lipschitz continuous, then for every ✏ > 0,
there exists some single-layer neural network ⇢ of size N such that k f � ⇢k1 < ✏, where N =

⇣
n+ 3L

✏
n

⌘
.

The result above illustrates that the model capacity required to approximate a given function depends
to a non-negligible extent on the Lipschitz constant value of the underlying function.

Note that the results in this section are bounds on the ability of neural networks to represent generic
functions. In practice, these bounds themselves rarely guarantee the training of good approximators,
as the ability to minimize the empirical risk problem in practice is often another significant source of
error. In light of these results however, it is to be expected that datasets which exhibit less variance
and have small Lipschitz constants1 will be better suited to learning good function approximations.
The following section presents a method for dataset generation motivated by these considerations.

7 Optimal CO training data design

Given a set of input data {x(i)
}
N
i=1, the goal is to construct the associated pairs y(i) for each i 2 [N],

that solve the following problem

min
✓,y(i)

1
N

NX

i=1

`( f✓(x(i)),y(i)) (8a)

subject to : y(i)
2 argmin

y2Cx(i)

f (y,x(i)). (8b)

One often equips the data point set {x(i)
}
N
i=1 with an ordering relation � such that x � x0 ) kxkp 

kx0kp for some p-norm. For example, in the scheduling domain, the data points x represent task start
times and the training data are often generated by “slowing down” some machine, which simulates
some unexpected ill-functioning component in the scheduling pipeline. In the energy domain, x
represent the load demands and the training data are generated by increasing or decreasing these
demands, simulating the di↵erent power load requests during daily operations in a power network.
For simplicity, this paper assumes the existence of such a useful ordering over the entire set of
instances in a learning task.

From the space of co-optimal solutions y(i) to each problem instance x(i), the goal is to generate solu-
tions which coincide, to the extent possible, with a target function of low total variation and Lipschitz
factor, as well as a low number of constituent linear pieces in the case of discrete optimization. While
it may not be possible to produce a target set that simultaneously optimizes each of these metrics,
they are confluent and can be improved simultaneously. Natural heuristics are available which reduce
these metrics substantially when compared with naive approaches.

One heuristic aimed at satisfying the aforementioned properties reduces to the problem of determining
a solution set {y(i)

}
N
i=1 for the inputs {x(i)

}
N
i=1 of problem (1) that minimizes their total variation:

minimize TV

⇣
{y(i)
}
N
i=1

⌘
=

1
2

N�1X

i=1

ky(i+1)
� y(i)

kp (9a)

subject to : y(i) = argmin
y2Cx(i)

f (y,x(i)). (9b)

1The notation here is used to denote its discrete equivalent, as indicated in Equation (7).
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Summary:  In these settings, 
the ML-based models can 
predict feasible solutions 
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solvers.
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State-of-the-art commercial solver  
(IBM cp-optimizer)
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Instance Size Pred Err(⇥10) # Con Viol(⇥102) # Opt. Gap Heuristics (%) # Opt. Gap DNNs (%) # Time SoTA Eq(s) "
J ⇥ M FC JSP-DNN FC JSP-DNN SPT LWR MWR LOR MOR FC JSP-DNN FC JSP-DNN

yn02 20⇥20 2.770 0.138 1.134 0.122 628 837 40 934 40 12.80 ± 5.4 -0.045 ± 0.9 10.20 1800+
ta25 20⇥20 1.607 0.361 0.631 0.244 593 877 59 787 46 13.61 ± 3.13 -0.143 ± 0.8 11.02 1800+
ta30 30⇥15 4.338 1.196 1.483 0.357 558 910 63 856 46 15.01 ± 2.63 -0.48 ± 5.18 9.06 1800+
ta40 30⇥20 7.880 3.341 1.863 0.104 492 794 57 836 25 23.11 ± 7.33 3.19 ± 1.88 8.40 12.04
ta50 50⇥10 4.580 1.322 1.223 0.225 789 789 53 1116 43 18.30 ± 5.22 5.85± 2.72 8.02 90.30

swv03 20⇥15 9.473 2.683 2.777 0.850 203 212 75 190 50 28.61 ± 14.27 7.62 ± 2.51 4.04 36.36
swv05 20⇥10 6.586 2.950 2.325 0.626 183 192 80 177 66 20.78 ± 10.54 6.34 ± 1.82 7.24 18.18
swv07 20⇥10 4.587 0.681 1.222 0.223 299 295 68 352 43 10.69 ± 6.83 0.01± 4.75 26.0 254.5
swv09 20⇥15 5.678 3.462 2.132 0.211 322 270 69 285 75 22.12 ± 8.52 5.42 ± 1.21 6.48 28.32
swv11 50⇥10 7.958 3.244 2.711 0.282 237 231 94 263 73 23.18 ± 2.27 4.80 ± 4.47 7.02 92.00
swv13 50⇥10 23.21 3.557 1.615 0.323 225 203 114 218 79 22.79 ± 16.21 8.11 ± 4.20 7.08 24.08

Table 2: Accuracy metrics compared between FC and JSP-DNN (left sub-table) and accuracy of simple heuristics vs CP-Optimizer
at 1800s (right sub-table). Best results shown in bold.

Figure 4: Comparison of mean timing and accuracy of four JSP-DNN models (red) against CP-optimizer mean optima and
standard deviation (blue).

the same CP-Optimizer baseline. They are Shortest Process-
ing Time (SPT), Least Work Remaining (LWR), Most Work
Remaining (MWR), Least Operations Remaining (LOR), and
Most Operations Remaining (MOR). Since the CP solver can-
not typically find optimal solutions within the given timeout,
the results under-approximate the true optimality gaps.

The results show that the proposed JSP-DNN substantially
outperforms all other heuristic baselines and the best FC
network of equal capacity. On these di�cult instances, the
most accurate heuristics exhibit results whose relative errors
are at least an order of magnitude larger than those of JSP-
DNN . Similarly, JSP-DNN significantly outperforms FC.

Comparison with SoTA Solver "
The last results compare JSP-DNN and the state-of-the art
CP solver in terms of their ability to find high-quality solu-
tions quickly. The runtime of JSP-DNN is dominated by the
solution recovery process (Model 2 and Algorithm 2): their
runtimes depend on the instance size but never exceed 30ms
for the test cases.

The results are depicted in the last two columns of Table 2.
They report the average runtimes required by the CP solver
to produce solutions that match or outperform the feasible
(recovered) solutions produced by JSP-DNN and FC. The
results show that it takes the CP solver less than 12 seconds
to outperform FC. In contrast, the CP solver takes at least an
order of magnitude longer to outperform JSP-DNN and is
not able to do so within 30 minutes on the first 3 test cases.

Figure 4 complements these results on three test cases:
they depict the evolution of the makespan produced by the

CP solver over time and contrast these with the solution
recovered by JSP-DNN . The thick line depicts the mean
makespan, the shaded region captures its standard deviation,
and the red star reports the quality of the JSP-DNN solution.
These results highlight the ability of JSP-DNN to generate a
high-quality solution quickly.

11 Conclusions
This paper proposed JSP-DNN, a deep-learning approach to
produce high-quality approximations of Job shop Schedul-
ing Problems (JSPs) in milliseconds. The proposed approach
combines deep learning and Lagrangian duality to model the
combinatorial constraints of the JSP. It further exploits the
JSP structure through the design of dedicated neural network
architectures to reflect the nature of the task-precedence and
no-overlap structure of the JSP, encouraging the predictions
to take account of these constraints. The paper also presented
e�cient recovery techniques to post-process JSP-DNN pre-
dictions and produce feasible solutions. The experimental
analysis showed that JSP-DNN produces feasible solutions
whose quality is at least an order of magnitude better than
commonly used heuristics. Moreover, a state-of-the-art com-
mercial CP solver was shown to take a significant amount of
time to obtain solutions of the same quality and may not be
able to do so within 30 minutes on some test cases.
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<latexit sha1_base64="jNE5CubfHwt5Cktr5eeYbFqSxys=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Y8mkmTY0yYxJRihDv8C9W/0Fd+LWr/AP/AzTdgTbeuDC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH1xO/9UiVZrG8M6OEBgL3JYsYwcZKvh+K7GHcde/7pVK3XHGr7hRomXg5qUCOerf87fdikgoqDeFY647nJibIsDKMcDou+ammCSZD3KcdSyUWVAfZ9OcxOrFKD0WxsiMNmqp/LzIstB6J0G4KbAZ60ZuI/3md1ESXQcZkkhoqySwoSjkyMZoUgHpMUWL4yBJMFLO/IjLAChNja5pLCcVvgK3GWyximTTPqp5b9W7PK7WrvKQiHMExnIIHF1CDG6hDAwgk8Awv8Oo8OW/Ou/MxWy04+c0hzMH5/AGw6poQ</latexit><latexit sha1_base64="jNE5CubfHwt5Cktr5eeYbFqSxys=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Y8mkmTY0yYxJRihDv8C9W/0Fd+LWr/AP/AzTdgTbeuDC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH1xO/9UiVZrG8M6OEBgL3JYsYwcZKvh+K7GHcde/7pVK3XHGr7hRomXg5qUCOerf87fdikgoqDeFY647nJibIsDKMcDou+ammCSZD3KcdSyUWVAfZ9OcxOrFKD0WxsiMNmqp/LzIstB6J0G4KbAZ60ZuI/3md1ESXQcZkkhoqySwoSjkyMZoUgHpMUWL4yBJMFLO/IjLAChNja5pLCcVvgK3GWyximTTPqp5b9W7PK7WrvKQiHMExnIIHF1CDG6hDAwgk8Awv8Oo8OW/Ou/MxWy04+c0hzMH5/AGw6poQ</latexit><latexit sha1_base64="jNE5CubfHwt5Cktr5eeYbFqSxys=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Y8mkmTY0yYxJRihDv8C9W/0Fd+LWr/AP/AzTdgTbeuDC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH1xO/9UiVZrG8M6OEBgL3JYsYwcZKvh+K7GHcde/7pVK3XHGr7hRomXg5qUCOerf87fdikgoqDeFY647nJibIsDKMcDou+ammCSZD3KcdSyUWVAfZ9OcxOrFKD0WxsiMNmqp/LzIstB6J0G4KbAZ60ZuI/3md1ESXQcZkkhoqySwoSjkyMZoUgHpMUWL4yBJMFLO/IjLAChNja5pLCcVvgK3GWyximTTPqp5b9W7PK7WrvKQiHMExnIIHF1CDG6hDAwgk8Awv8Oo8OW/Ou/MxWy04+c0hzMH5/AGw6poQ</latexit><latexit sha1_base64="jNE5CubfHwt5Cktr5eeYbFqSxys=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Y8mkmTY0yYxJRihDv8C9W/0Fd+LWr/AP/AzTdgTbeuDC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH1xO/9UiVZrG8M6OEBgL3JYsYwcZKvh+K7GHcde/7pVK3XHGr7hRomXg5qUCOerf87fdikgoqDeFY647nJibIsDKMcDou+ammCSZD3KcdSyUWVAfZ9OcxOrFKD0WxsiMNmqp/LzIstB6J0G4KbAZ60ZuI/3md1ESXQcZkkhoqySwoSjkyMZoUgHpMUWL4yBJMFLO/IjLAChNja5pLCcVvgK3GWyximTTPqp5b9W7PK7WrvKQiHMExnIIHF1CDG6hDAwgk8Awv8Oo8OW/Ou/MxWy04+c0hzMH5/AGw6poQ</latexit>

⌫4
<latexit sha1_base64="Q3M2xCha767eclz/jiudix/i3tM=">AAACBnicbVDLSgMxFL1TX3V8VV26CRbBVZmRgi6LblxWsA9ph5JJM21okhmSjFCG7t271V9wJ279Df/AzzBtR7CtBwKHc+7l3Jww4Uwbz/tyCmvrG5tbxW13Z3dv/6B0eNTUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzdTP3WI1WaxfLejBMaCDyQLGIEGys9dGXay6oT1+2Vyl7FmwGtEj8nZchR75W+u/2YpIJKQzjWuuN7iQkyrAwjnE7cbqppgskID2jHUokF1UE2O3iCzqzSR1Gs7JMGzdS/GxkWWo9FaCcFNkO97E3F/7xOaqKrIGMySQ2VZB4UpRyZGE1/j/pMUWL42BJMFLO3IjLEChNjO1pICcVvgK3GXy5ilTQvKr5X8e+q5dp1XlIRTuAUzsGHS6jBLdShAQQEPMMLvDpPzpvz7nzMRwtOvnMMC3A+fwBrnJjU</latexit><latexit sha1_base64="Q3M2xCha767eclz/jiudix/i3tM=">AAACBnicbVDLSgMxFL1TX3V8VV26CRbBVZmRgi6LblxWsA9ph5JJM21okhmSjFCG7t271V9wJ279Df/AzzBtR7CtBwKHc+7l3Jww4Uwbz/tyCmvrG5tbxW13Z3dv/6B0eNTUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzdTP3WI1WaxfLejBMaCDyQLGIEGys9dGXay6oT1+2Vyl7FmwGtEj8nZchR75W+u/2YpIJKQzjWuuN7iQkyrAwjnE7cbqppgskID2jHUokF1UE2O3iCzqzSR1Gs7JMGzdS/GxkWWo9FaCcFNkO97E3F/7xOaqKrIGMySQ2VZB4UpRyZGE1/j/pMUWL42BJMFLO3IjLEChNjO1pICcVvgK3GXy5ilTQvKr5X8e+q5dp1XlIRTuAUzsGHS6jBLdShAQQEPMMLvDpPzpvz7nzMRwtOvnMMC3A+fwBrnJjU</latexit><latexit sha1_base64="Q3M2xCha767eclz/jiudix/i3tM=">AAACBnicbVDLSgMxFL1TX3V8VV26CRbBVZmRgi6LblxWsA9ph5JJM21okhmSjFCG7t271V9wJ279Df/AzzBtR7CtBwKHc+7l3Jww4Uwbz/tyCmvrG5tbxW13Z3dv/6B0eNTUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzdTP3WI1WaxfLejBMaCDyQLGIEGys9dGXay6oT1+2Vyl7FmwGtEj8nZchR75W+u/2YpIJKQzjWuuN7iQkyrAwjnE7cbqppgskID2jHUokF1UE2O3iCzqzSR1Gs7JMGzdS/GxkWWo9FaCcFNkO97E3F/7xOaqKrIGMySQ2VZB4UpRyZGE1/j/pMUWL42BJMFLO3IjLEChNjO1pICcVvgK3GXy5ilTQvKr5X8e+q5dp1XlIRTuAUzsGHS6jBLdShAQQEPMMLvDpPzpvz7nzMRwtOvnMMC3A+fwBrnJjU</latexit><latexit sha1_base64="Q3M2xCha767eclz/jiudix/i3tM=">AAACBnicbVDLSgMxFL1TX3V8VV26CRbBVZmRgi6LblxWsA9ph5JJM21okhmSjFCG7t271V9wJ279Df/AzzBtR7CtBwKHc+7l3Jww4Uwbz/tyCmvrG5tbxW13Z3dv/6B0eNTUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzdTP3WI1WaxfLejBMaCDyQLGIEGys9dGXay6oT1+2Vyl7FmwGtEj8nZchR75W+u/2YpIJKQzjWuuN7iQkyrAwjnE7cbqppgskID2jHUokF1UE2O3iCzqzSR1Gs7JMGzdS/GxkWWo9FaCcFNkO97E3F/7xOaqKrIGMySQ2VZB4UpRyZGE1/j/pMUWL42BJMFLO3IjLEChNjO1pICcVvgK3GXy5ilTQvKr5X8e+q5dp1XlIRTuAUzsGHS6jBLdShAQQEPMMLvDpPzpvz7nzMRwtOvnMMC3A+fwBrnJjU</latexit>

⌫5a
<latexit sha1_base64="de9HIGnGrWFA9TTFGcIrF46luNU=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewCj123Wyp7FW8KtEz8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTiMTqxSg9FsbJPGjRV/25kWGg9EqGdFNgM9KI3Ef/z2qmJroKMySQ1VJJZUJRyZGI0+T7qMUWJ4SNLMFHM3orIACtMjC1pLiUUvwG2Gn+xiGXSOKv4XsW/Oy9Xr/OSinAEx3AKPlxCFW6hBnUgIOEZXuDVeXLenHfnYzZacPKdQ5iD8/kDMR2ZQA==</latexit><latexit sha1_base64="de9HIGnGrWFA9TTFGcIrF46luNU=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewCj123Wyp7FW8KtEz8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTiMTqxSg9FsbJPGjRV/25kWGg9EqGdFNgM9KI3Ef/z2qmJroKMySQ1VJJZUJRyZGI0+T7qMUWJ4SNLMFHM3orIACtMjC1pLiUUvwG2Gn+xiGXSOKv4XsW/Oy9Xr/OSinAEx3AKPlxCFW6hBnUgIOEZXuDVeXLenHfnYzZacPKdQ5iD8/kDMR2ZQA==</latexit><latexit sha1_base64="de9HIGnGrWFA9TTFGcIrF46luNU=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewCj123Wyp7FW8KtEz8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTiMTqxSg9FsbJPGjRV/25kWGg9EqGdFNgM9KI3Ef/z2qmJroKMySQ1VJJZUJRyZGI0+T7qMUWJ4SNLMFHM3orIACtMjC1pLiUUvwG2Gn+xiGXSOKv4XsW/Oy9Xr/OSinAEx3AKPlxCFW6hBnUgIOEZXuDVeXLenHfnYzZacPKdQ5iD8/kDMR2ZQA==</latexit><latexit sha1_base64="de9HIGnGrWFA9TTFGcIrF46luNU=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewCj123Wyp7FW8KtEz8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTiMTqxSg9FsbJPGjRV/25kWGg9EqGdFNgM9KI3Ef/z2qmJroKMySQ1VJJZUJRyZGI0+T7qMUWJ4SNLMFHM3orIACtMjC1pLiUUvwG2Gn+xiGXSOKv4XsW/Oy9Xr/OSinAEx3AKPlxCFW6hBnUgIOEZXuDVeXLenHfnYzZacPKdQ5iD8/kDMR2ZQA==</latexit>

⌫5b
<latexit sha1_base64="dx7YPV7LFbT0PgepDOWDsc7ujfY=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewiHLtut1T2Kt4UaJn4OSlDjlq39N3pxSQVVBrCsdZt30tMkGFlGOF07HZSTRNMhrhP25ZKLKgOsunFY3RilR6KYmWfNGiq/t3IsNB6JEI7KbAZ6EVvIv7ntVMTXQUZk0lqqCSzoCjlyMRo8n3UY4oSw0eWYKKYvRWRAVaYGFvSXEoofgNsNf5iEcukcVbxvYp/d16uXuclFeEIjuEUfLiEKtxCDepAQMIzvMCr8+S8Oe/Ox2y04OQ7hzAH5/MHMrqZQQ==</latexit><latexit sha1_base64="dx7YPV7LFbT0PgepDOWDsc7ujfY=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewiHLtut1T2Kt4UaJn4OSlDjlq39N3pxSQVVBrCsdZt30tMkGFlGOF07HZSTRNMhrhP25ZKLKgOsunFY3RilR6KYmWfNGiq/t3IsNB6JEI7KbAZ6EVvIv7ntVMTXQUZk0lqqCSzoCjlyMRo8n3UY4oSw0eWYKKYvRWRAVaYGFvSXEoofgNsNf5iEcukcVbxvYp/d16uXuclFeEIjuEUfLiEKtxCDepAQMIzvMCr8+S8Oe/Ox2y04OQ7hzAH5/MHMrqZQQ==</latexit><latexit sha1_base64="dx7YPV7LFbT0PgepDOWDsc7ujfY=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewiHLtut1T2Kt4UaJn4OSlDjlq39N3pxSQVVBrCsdZt30tMkGFlGOF07HZSTRNMhrhP25ZKLKgOsunFY3RilR6KYmWfNGiq/t3IsNB6JEI7KbAZ6EVvIv7ntVMTXQUZk0lqqCSzoCjlyMRo8n3UY4oSw0eWYKKYvRWRAVaYGFvSXEoofgNsNf5iEcukcVbxvYp/d16uXuclFeEIjuEUfLiEKtxCDepAQMIzvMCr8+S8Oe/Ox2y04OQ7hzAH5/MHMrqZQQ==</latexit><latexit sha1_base64="dx7YPV7LFbT0PgepDOWDsc7ujfY=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRRZdFNy4r2Ae2Q8mkmTY0yQxJRihDP8C9W/0Fd+LWz/AP/AzTdgTbeiBwOOdezs0JE8608bwvp7Cyura+Udx0t7Z3dvdK+wcNHaeK0DqJeaxaIdaUM0nrhhlOW4miWIScNsPhzcRvPlKlWSzvzSihgcB9ySJGsLHSQ0em3ewiHLtut1T2Kt4UaJn4OSlDjlq39N3pxSQVVBrCsdZt30tMkGFlGOF07HZSTRNMhrhP25ZKLKgOsunFY3RilR6KYmWfNGiq/t3IsNB6JEI7KbAZ6EVvIv7ntVMTXQUZk0lqqCSzoCjlyMRo8n3UY4oSw0eWYKKYvRWRAVaYGFvSXEoofgNsNf5iEcukcVbxvYp/d16uXuclFeEIjuEUfLiEKtxCDepAQMIzvMCr8+S8Oe/Ox2y04OQ7hzAH5/MHMrqZQQ==</latexit>

✓̂
<latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit>

v̂
<latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit>

⌫6b
<latexit sha1_base64="bDArzIRPJYhLHSAyG9gDXkw9FHk=">AAACB3icbVDLSgMxFL3js46vquDGTbAIrsqMC3VZdOOyBfvAdqiZNNOGJpkhyQhl6Ae4d6u/4E7c+hluXPsZpg/Bth4IHM65l3NzwoQzbTzv01laXlldW89tuJtb2zu7+b39mo5TRWiVxDxWjRBrypmkVcMMp41EUSxCTuth/3rk1x+o0iyWt2aQ0EDgrmQRI9hY6a4l03Z2Hg5dt50veEVvDLRI/CkplA4rX/cAUG7nv1udmKSCSkM41rrpe4kJMqwMI5wO3VaqaYJJH3dp01KJBdVBNr54iE6s0kFRrOyTBo3VvxsZFloPRGgnBTY9Pe+NxP+8ZmqiyyBjMkkNlWQSFKUcmRiNvo86TFFi+MASTBSztyLSwwoTY0uaSQnFb4Ctxp8vYpHUzoq+V/QrtqMrmCAHR3AMp+DDBZTgBspQBQISnuAZXpxH59V5c94no0vOdOcAZuB8/ADrXpsj</latexit><latexit sha1_base64="9FoodhJhuDe+xLXmosD5fiBMq/8=">AAACB3icbVDLSgMxFL3js46vquDGTbAIrsqMC3VZ6sZlC/aBbSmZNNOGJpkhyQhl6Ae4d6t/IO7EreBPuHHtZ5g+BNt6IHA4517OzQlizrTxvE9naXlldW09s+Fubm3v7Gb39qs6ShShFRLxSNUDrClnklYMM5zWY0WxCDitBf2rkV+7o0qzSN6YQUxbAnclCxnBxkq3TZm00/Ng6LrtbM7Le2OgReJPSa5wWP5iz8WPUjv73exEJBFUGsKx1g3fi00rxcowwunQbSaaxpj0cZc2LJVYUN1KxxcP0YlVOiiMlH3SoLH6dyPFQuuBCOykwKan572R+J/XSEx42UqZjBNDJZkEhQlHJkKj76MOU5QYPrAEE8XsrYj0sMLE2JJmUgLxG2Cr8eeLWCTVs7zv5f2y7agIE2TgCI7hFHy4gAJcQwkqQEDCAzzCk3PvvDivzttkdMmZ7hzADJz3H2LWnN8=</latexit><latexit sha1_base64="9FoodhJhuDe+xLXmosD5fiBMq/8=">AAACB3icbVDLSgMxFL3js46vquDGTbAIrsqMC3VZ6sZlC/aBbSmZNNOGJpkhyQhl6Ae4d6t/IO7EreBPuHHtZ5g+BNt6IHA4517OzQlizrTxvE9naXlldW09s+Fubm3v7Gb39qs6ShShFRLxSNUDrClnklYMM5zWY0WxCDitBf2rkV+7o0qzSN6YQUxbAnclCxnBxkq3TZm00/Ng6LrtbM7Le2OgReJPSa5wWP5iz8WPUjv73exEJBFUGsKx1g3fi00rxcowwunQbSaaxpj0cZc2LJVYUN1KxxcP0YlVOiiMlH3SoLH6dyPFQuuBCOykwKan572R+J/XSEx42UqZjBNDJZkEhQlHJkKj76MOU5QYPrAEE8XsrYj0sMLE2JJmUgLxG2Cr8eeLWCTVs7zv5f2y7agIE2TgCI7hFHy4gAJcQwkqQEDCAzzCk3PvvDivzttkdMmZ7hzADJz3H2LWnN8=</latexit><latexit sha1_base64="t7iibEvmQHV8rNJCFdizw2mi23Y=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZlxYV0W3bisYB/YDiWTZtrQJDMkGaEM/QD3bvUX3IlbP8M/8DNM2xFs64HA4Zx7OTcnTDjTxvO+nMLa+sbmVnHb3dnd2z8oHR41dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHN1O/9UiVZrG8N+OEBgIPJIsYwcZKD12Z9rLLcOK6vVLZq3gzoFXi56QMOeq90ne3H5NUUGkIx1p3fC8xQYaVYYTTidtNNU0wGeEB7VgqsaA6yGYXT9CZVfooipV90qCZ+ncjw0LrsQjtpMBmqJe9qfif10lNdBVkTCapoZLMg6KUIxOj6fdRnylKDB9bgoli9lZEhlhhYmxJCymh+A2w1fjLRayS5kXF9yr+nVeuXeclFeEETuEcfKhCDW6hDg0gIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDMxiZPg==</latexit>

pg
0

<latexit sha1_base64="VYpwyeNUcdzzGIpB6jsJuEfn98M=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxjKC+cDkDHubvWTJ7t6xuyeE4yr/gq32dmLrL7H1l7hJrjCJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYxvpn77iSrNInlvJjH1BR5KFjKCjZUeeoFI46zvPg775YpbdWdAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzi7O0JlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy95U/M/rJia88lMm48RQSeaLwoQjE6Hp+2jAFCWGTyzBRDF7KyIjrDAxNqSFLYHISjYUbzmCVdK6qHpu1bu7rNSv83iKcAKncA4e1KAOt9CAJhCQ8AKv8OY8O+/Oh/M5by04+cwxLMD5+gXfHpdr</latexit><latexit sha1_base64="VYpwyeNUcdzzGIpB6jsJuEfn98M=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxjKC+cDkDHubvWTJ7t6xuyeE4yr/gq32dmLrL7H1l7hJrjCJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYxvpn77iSrNInlvJjH1BR5KFjKCjZUeeoFI46zvPg775YpbdWdAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzi7O0JlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy95U/M/rJia88lMm48RQSeaLwoQjE6Hp+2jAFCWGTyzBRDF7KyIjrDAxNqSFLYHISjYUbzmCVdK6qHpu1bu7rNSv83iKcAKncA4e1KAOt9CAJhCQ8AKv8OY8O+/Oh/M5by04+cwxLMD5+gXfHpdr</latexit><latexit sha1_base64="VYpwyeNUcdzzGIpB6jsJuEfn98M=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxjKC+cDkDHubvWTJ7t6xuyeE4yr/gq32dmLrL7H1l7hJrjCJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYxvpn77iSrNInlvJjH1BR5KFjKCjZUeeoFI46zvPg775YpbdWdAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzi7O0JlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy95U/M/rJia88lMm48RQSeaLwoQjE6Hp+2jAFCWGTyzBRDF7KyIjrDAxNqSFLYHISjYUbzmCVdK6qHpu1bu7rNSv83iKcAKncA4e1KAOt9CAJhCQ8AKv8OY8O+/Oh/M5by04+cwxLMD5+gXfHpdr</latexit><latexit sha1_base64="VYpwyeNUcdzzGIpB6jsJuEfn98M=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxjKC+cDkDHubvWTJ7t6xuyeE4yr/gq32dmLrL7H1l7hJrjCJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYxvpn77iSrNInlvJjH1BR5KFjKCjZUeeoFI46zvPg775YpbdWdAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzi7O0JlVBiiMlC1p0Ez9O5FiofVEBLZTYDPSy95U/M/rJia88lMm48RQSeaLwoQjE6Hp+2jAFCWGTyzBRDF7KyIjrDAxNqSFLYHISjYUbzmCVdK6qHpu1bu7rNSv83iKcAKncA4e1KAOt9CAJhCQ8AKv8OY8O+/Oh/M5by04+cwxLMD5+gXfHpdr</latexit>

p̂g
<latexit sha1_base64="3zAHq9QHMSGuPvgoy8XRZPm6k70=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lhHMA7KbMDuZTYbMzC4zs0JYtvYXbLW3E1u/w9YvcZJsYRIPXDiccy/ncsKEM21c99tZW9/Y3Nou7ZR39/YPDitHxy0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w/Hd1G8/UaVZLB/NJKGBwEPJIkawsVLPH2GT+aHIkjzvDfuVqltzZ0CrxCtIFQo0+pUffxCTVFBpCMdadz03MUGGlWGE07zsp5ommIzxkHYtlVhQHWSzr3N0bpUBimJlRxo0U/9eZFhoPRGh3RTYjPSyNxX/87qpiW6CjMkkNVSSeVCUcmRiNK0ADZiixPCJJZgoZn9FZIQVJsYWtZASirxsS/GWK1glrcua59a8h6tq/baopwSncAYX4ME11OEeGtAEAgpe4BXenGfn3flwPuera05xcwILcL5+AbIimZU=</latexit><latexit sha1_base64="3zAHq9QHMSGuPvgoy8XRZPm6k70=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lhHMA7KbMDuZTYbMzC4zs0JYtvYXbLW3E1u/w9YvcZJsYRIPXDiccy/ncsKEM21c99tZW9/Y3Nou7ZR39/YPDitHxy0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w/Hd1G8/UaVZLB/NJKGBwEPJIkawsVLPH2GT+aHIkjzvDfuVqltzZ0CrxCtIFQo0+pUffxCTVFBpCMdadz03MUGGlWGE07zsp5ommIzxkHYtlVhQHWSzr3N0bpUBimJlRxo0U/9eZFhoPRGh3RTYjPSyNxX/87qpiW6CjMkkNVSSeVCUcmRiNK0ADZiixPCJJZgoZn9FZIQVJsYWtZASirxsS/GWK1glrcua59a8h6tq/baopwSncAYX4ME11OEeGtAEAgpe4BXenGfn3flwPuera05xcwILcL5+AbIimZU=</latexit><latexit sha1_base64="3zAHq9QHMSGuPvgoy8XRZPm6k70=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lhHMA7KbMDuZTYbMzC4zs0JYtvYXbLW3E1u/w9YvcZJsYRIPXDiccy/ncsKEM21c99tZW9/Y3Nou7ZR39/YPDitHxy0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w/Hd1G8/UaVZLB/NJKGBwEPJIkawsVLPH2GT+aHIkjzvDfuVqltzZ0CrxCtIFQo0+pUffxCTVFBpCMdadz03MUGGlWGE07zsp5ommIzxkHYtlVhQHWSzr3N0bpUBimJlRxo0U/9eZFhoPRGh3RTYjPSyNxX/87qpiW6CjMkkNVSSeVCUcmRiNK0ADZiixPCJJZgoZn9FZIQVJsYWtZASirxsS/GWK1glrcua59a8h6tq/baopwSncAYX4ME11OEeGtAEAgpe4BXenGfn3flwPuera05xcwILcL5+AbIimZU=</latexit><latexit sha1_base64="3zAHq9QHMSGuPvgoy8XRZPm6k70=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lhHMA7KbMDuZTYbMzC4zs0JYtvYXbLW3E1u/w9YvcZJsYRIPXDiccy/ncsKEM21c99tZW9/Y3Nou7ZR39/YPDitHxy0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w/Hd1G8/UaVZLB/NJKGBwEPJIkawsVLPH2GT+aHIkjzvDfuVqltzZ0CrxCtIFQo0+pUffxCTVFBpCMdadz03MUGGlWGE07zsp5ommIzxkHYtlVhQHWSzr3N0bpUBimJlRxo0U/9eZFhoPRGh3RTYjPSyNxX/87qpiW6CjMkkNVSSeVCUcmRiNK0ADZiixPCJJZgoZn9FZIQVJsYWtZASirxsS/GWK1glrcua59a8h6tq/baopwSncAYX4ME11OEeGtAEAgpe4BXenGfn3flwPuera05xcwILcL5+AbIimZU=</latexit>

⌫3a
<latexit sha1_base64="lu/nlT/dz0w+8y13O1fA29HlKrs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU7sq0l13Saa9ccavuHGSVeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+75ScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLIheMsvr5LmRdVzq97DVaV2m8dRhBM4hXPw4BpqcA91aAADAc/wCm/O2Hlx3p2PRWvByWeO4Q+czx8J1o/0</latexit><latexit sha1_base64="lu/nlT/dz0w+8y13O1fA29HlKrs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU7sq0l13Saa9ccavuHGSVeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+75ScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLIheMsvr5LmRdVzq97DVaV2m8dRhBM4hXPw4BpqcA91aAADAc/wCm/O2Hlx3p2PRWvByWeO4Q+czx8J1o/0</latexit><latexit sha1_base64="lu/nlT/dz0w+8y13O1fA29HlKrs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU7sq0l13Saa9ccavuHGSVeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+75ScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLIheMsvr5LmRdVzq97DVaV2m8dRhBM4hXPw4BpqcA91aAADAc/wCm/O2Hlx3p2PRWvByWeO4Q+czx8J1o/0</latexit><latexit sha1_base64="lu/nlT/dz0w+8y13O1fA29HlKrs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzU7sq0l13Saa9ccavuHGSVeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+75ScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLIheMsvr5LmRdVzq97DVaV2m8dRhBM4hXPw4BpqcA91aAADAc/wCm/O2Hlx3p2PRWvByWeO4Q+czx8J1o/0</latexit>

Lp
<latexit sha1_base64="PtVTSN8iXIjtAuZ5Q/SIf+S+lA0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtKFstpt26WY37m4KJeR3ePGgiFd/jDf/jZs2B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzmfmdKlWZSPJpZTP0IjwQLGcHGSn7aJ5ij+2yQxlllUK25dXcOtEq8gtSgQHNQ/eoPJUkiKgzhWOue58bGT7EyjHCaVfqJpjEmEzyiPUsFjqj20/nRGTqzyhCFUtkSBs3V3xMpjrSeRYHtjLAZ62UvF//zeokJr/2UiTgxVJDFojDhyEiUJ4CGTFFi+MwSTBSztyIyxgoTY3PKQ/CWX14l7Yu659a9h8ta46aIowwncArn4MEVNOAOmtACAk/wDK/w5kydF+fd+Vi0lpxi5hj+wPn8AT5akb0=</latexit><latexit sha1_base64="PtVTSN8iXIjtAuZ5Q/SIf+S+lA0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtKFstpt26WY37m4KJeR3ePGgiFd/jDf/jZs2B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzmfmdKlWZSPJpZTP0IjwQLGcHGSn7aJ5ij+2yQxlllUK25dXcOtEq8gtSgQHNQ/eoPJUkiKgzhWOue58bGT7EyjHCaVfqJpjEmEzyiPUsFjqj20/nRGTqzyhCFUtkSBs3V3xMpjrSeRYHtjLAZ62UvF//zeokJr/2UiTgxVJDFojDhyEiUJ4CGTFFi+MwSTBSztyIyxgoTY3PKQ/CWX14l7Yu659a9h8ta46aIowwncArn4MEVNOAOmtACAk/wDK/w5kydF+fd+Vi0lpxi5hj+wPn8AT5akb0=</latexit><latexit sha1_base64="PtVTSN8iXIjtAuZ5Q/SIf+S+lA0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtKFstpt26WY37m4KJeR3ePGgiFd/jDf/jZs2B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzmfmdKlWZSPJpZTP0IjwQLGcHGSn7aJ5ij+2yQxlllUK25dXcOtEq8gtSgQHNQ/eoPJUkiKgzhWOue58bGT7EyjHCaVfqJpjEmEzyiPUsFjqj20/nRGTqzyhCFUtkSBs3V3xMpjrSeRYHtjLAZ62UvF//zeokJr/2UiTgxVJDFojDhyEiUJ4CGTFFi+MwSTBSztyIyxgoTY3PKQ/CWX14l7Yu659a9h8ta46aIowwncArn4MEVNOAOmtACAk/wDK/w5kydF+fd+Vi0lpxi5hj+wPn8AT5akb0=</latexit><latexit sha1_base64="PtVTSN8iXIjtAuZ5Q/SIf+S+lA0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtKFstpt26WY37m4KJeR3ePGgiFd/jDf/jZs2B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzmfmdKlWZSPJpZTP0IjwQLGcHGSn7aJ5ij+2yQxlllUK25dXcOtEq8gtSgQHNQ/eoPJUkiKgzhWOue58bGT7EyjHCaVfqJpjEmEzyiPUsFjqj20/nRGTqzyhCFUtkSBs3V3xMpjrSeRYHtjLAZ62UvF//zeokJr/2UiTgxVJDFojDhyEiUJ4CGTFFi+MwSTBSztyIyxgoTY3PKQ/CWX14l7Yu659a9h8ta46aIowwncArn4MEVNOAOmtACAk/wDK/w5kydF+fd+Vi0lpxi5hj+wPn8AT5akb0=</latexit>

Ohm’s Law

Kirchoff’s Current Law

✓0
<latexit sha1_base64="aAV9sbV32bs14sq6euUNmtXC89Q=">AAACDnicbVDLSsNAFJ3UV42PRl26GSyCq5KIoMuiG5cVbCs0IUymk3boTBJmboQS+g/u3eovuBO3/oJ/4Gc4bSPY1gMXDufcy7mcKBNcg+t+WZW19Y3Nreq2vbO7t19zDg47Os0VZW2ailQ9REQzwRPWBg6CPWSKERkJ1o1GN1O/+8iU5mlyD+OMBZIMEh5zSsBIoVPzI1n4MGRAJqFr26FTdxvuDHiVeCWpoxKt0Pn2+ynNJUuACqJ1z3MzCAqigFPBJrafa5YROiID1jM0IZLpoJg9PsGnRunjOFVmEsAz9e9FQaTWYxmZTUlgqJe9qfif18shvgoKnmQ5sITOg+JcYEjxtAXc54pREGNDCFXc/IrpkChCwXS1kBLJ3wBTjbdcxCrpnDc8t+HdXdSb12VJVXSMTtAZ8tAlaqJb1EJtRFGOntELerWerDfr3fqYr1as8uYILcD6/AGk65ub</latexit><latexit sha1_base64="aAV9sbV32bs14sq6euUNmtXC89Q=">AAACDnicbVDLSsNAFJ3UV42PRl26GSyCq5KIoMuiG5cVbCs0IUymk3boTBJmboQS+g/u3eovuBO3/oJ/4Gc4bSPY1gMXDufcy7mcKBNcg+t+WZW19Y3Nreq2vbO7t19zDg47Os0VZW2ailQ9REQzwRPWBg6CPWSKERkJ1o1GN1O/+8iU5mlyD+OMBZIMEh5zSsBIoVPzI1n4MGRAJqFr26FTdxvuDHiVeCWpoxKt0Pn2+ynNJUuACqJ1z3MzCAqigFPBJrafa5YROiID1jM0IZLpoJg9PsGnRunjOFVmEsAz9e9FQaTWYxmZTUlgqJe9qfif18shvgoKnmQ5sITOg+JcYEjxtAXc54pREGNDCFXc/IrpkChCwXS1kBLJ3wBTjbdcxCrpnDc8t+HdXdSb12VJVXSMTtAZ8tAlaqJb1EJtRFGOntELerWerDfr3fqYr1as8uYILcD6/AGk65ub</latexit><latexit sha1_base64="aAV9sbV32bs14sq6euUNmtXC89Q=">AAACDnicbVDLSsNAFJ3UV42PRl26GSyCq5KIoMuiG5cVbCs0IUymk3boTBJmboQS+g/u3eovuBO3/oJ/4Gc4bSPY1gMXDufcy7mcKBNcg+t+WZW19Y3Nreq2vbO7t19zDg47Os0VZW2ailQ9REQzwRPWBg6CPWSKERkJ1o1GN1O/+8iU5mlyD+OMBZIMEh5zSsBIoVPzI1n4MGRAJqFr26FTdxvuDHiVeCWpoxKt0Pn2+ynNJUuACqJ1z3MzCAqigFPBJrafa5YROiID1jM0IZLpoJg9PsGnRunjOFVmEsAz9e9FQaTWYxmZTUlgqJe9qfif18shvgoKnmQ5sITOg+JcYEjxtAXc54pREGNDCFXc/IrpkChCwXS1kBLJ3wBTjbdcxCrpnDc8t+HdXdSb12VJVXSMTtAZ8tAlaqJb1EJtRFGOntELerWerDfr3fqYr1as8uYILcD6/AGk65ub</latexit><latexit sha1_base64="aAV9sbV32bs14sq6euUNmtXC89Q=">AAACDnicbVDLSsNAFJ3UV42PRl26GSyCq5KIoMuiG5cVbCs0IUymk3boTBJmboQS+g/u3eovuBO3/oJ/4Gc4bSPY1gMXDufcy7mcKBNcg+t+WZW19Y3Nreq2vbO7t19zDg47Os0VZW2ailQ9REQzwRPWBg6CPWSKERkJ1o1GN1O/+8iU5mlyD+OMBZIMEh5zSsBIoVPzI1n4MGRAJqFr26FTdxvuDHiVeCWpoxKt0Pn2+ynNJUuACqJ1z3MzCAqigFPBJrafa5YROiID1jM0IZLpoJg9PsGnRunjOFVmEsAz9e9FQaTWYxmZTUlgqJe9qfif18shvgoKnmQ5sITOg+JcYEjxtAXc54pREGNDCFXc/IrpkChCwXS1kBLJ3wBTjbdcxCrpnDc8t+HdXdSb12VJVXSMTtAZ8tAlaqJb1EJtRFGOntELerWerDfr3fqYr1as8uYILcD6/AGk65ub</latexit>

✓̂
<latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit><latexit sha1_base64="cdqnKEXSCs0RvXWWVhQ1H2GtBd8=">AAACEnicbVDLSsNAFJ3UV42vaJdugkVwVRIRdFl047KCbYUmlMl00gydScLMjRBC/sK9W/0Fd+LWH/AP/AynbQTbeuDC4Zx7OZcTpJwpcJwvo7a2vrG5Vd82d3b39g+sw6OeSjJJaJckPJEPAVaUs5h2gQGnD6mkWASc9oPJzdTvP1KpWBLfQ55SX+BxzEJGMGhpaDW8CEPhBaLwIKKAy9I0h1bTaTkz2KvErUgTVegMrW9vlJBM0BgIx0oNXCcFv8ASGOG0NL1M0RSTCR7TgaYxFlT5xez50j7VysgOE6knBnum/r0osFAqF4HeFBgitexNxf+8QQbhlV+wOM2AxmQeFGbchsSeNmGPmKQEeK4JJpLpX20SYYkJ6L4WUgLxG6CrcZeLWCW985brtNy7i2b7uiqpjo7RCTpDLrpEbXSLOqiLCMrRM3pBr8aT8Wa8Gx/z1ZpR3TTQAozPH40ZncU=</latexit>

⌫2b
<latexit sha1_base64="LFH5mW8sRdgvNWJI5SOewVKIRG4=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1k1nLhur1T2Kt4MaJX4OSlDjnqv9N3txyQVVBrCsdYd30tMkGFlGOF04nZTTRNMRnhAO5ZKLKgOstnFE3RmlT6KYmWfNGim/t3IsNB6LEI7KbAZ6mVvKv7ndVITXQUZk0lqqCTzoCjlyMRo+n3UZ4oSw8eWYKKYvRWRIVaYGFvSQkoofgNsNf5yEaukWa34XsW/uyjXrvOSinACp3AOPlxCDW6hDg0gIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDLeCZPg==</latexit><latexit sha1_base64="LFH5mW8sRdgvNWJI5SOewVKIRG4=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1k1nLhur1T2Kt4MaJX4OSlDjnqv9N3txyQVVBrCsdYd30tMkGFlGOF04nZTTRNMRnhAO5ZKLKgOstnFE3RmlT6KYmWfNGim/t3IsNB6LEI7KbAZ6mVvKv7ndVITXQUZk0lqqCTzoCjlyMRo+n3UZ4oSw8eWYKKYvRWRIVaYGFvSQkoofgNsNf5yEaukWa34XsW/uyjXrvOSinACp3AOPlxCDW6hDg0gIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDLeCZPg==</latexit><latexit sha1_base64="LFH5mW8sRdgvNWJI5SOewVKIRG4=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1k1nLhur1T2Kt4MaJX4OSlDjnqv9N3txyQVVBrCsdYd30tMkGFlGOF04nZTTRNMRnhAO5ZKLKgOstnFE3RmlT6KYmWfNGim/t3IsNB6LEI7KbAZ6mVvKv7ndVITXQUZk0lqqCTzoCjlyMRo+n3UZ4oSw8eWYKKYvRWRIVaYGFvSQkoofgNsNf5yEaukWa34XsW/uyjXrvOSinACp3AOPlxCDW6hDg0gIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDLeCZPg==</latexit><latexit sha1_base64="LFH5mW8sRdgvNWJI5SOewVKIRG4=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1k1nLhur1T2Kt4MaJX4OSlDjnqv9N3txyQVVBrCsdYd30tMkGFlGOF04nZTTRNMRnhAO5ZKLKgOstnFE3RmlT6KYmWfNGim/t3IsNB6LEI7KbAZ6mVvKv7ndVITXQUZk0lqqCTzoCjlyMRo+n3UZ4oSw8eWYKKYvRWRIVaYGFvSQkoofgNsNf5yEaukWa34XsW/uyjXrvOSinACp3AOPlxCDW6hDg0gIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDLeCZPg==</latexit>

L✓
<latexit sha1_base64="xQuHxAHrXKNrx5vqPNLiYidD378=">AAACEnicbVDLSsNAFJ3UV42vaJduBovgqiQi6LLoxoWLCvYBbQiT6aQdOnkwcyOEkL9w71Z/wZ249Qf8Az/DaRvBth64cDjnXs7l+IngCmz7y6isrW9sblW3zZ3dvf0D6/Coo+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/uZn63UcmFY+jB8gS5oZkFPGAUwJa8qxaPqBE4LvCywcwZkAK0/Ssut2wZ8CrxClJHZVoedb3YBjTNGQRUEGU6jt2Am5OJHAqWGEOUsUSQidkxPqaRiRkys1nzxf4VCtDHMRSTwR4pv69yEmoVBb6ejMkMFbL3lT8z+unEFy5OY+SFFhE50FBKjDEeNoEHnLJKIhME0Il179iOiaSUNB9LaT44W+ArsZZLmKVdM4bjt1w7i/qzeuypCo6RifoDDnoEjXRLWqhNqIoQ8/oBb0aT8ab8W58zFcrRnlTQwswPn8A2fmdWA==</latexit><latexit sha1_base64="xQuHxAHrXKNrx5vqPNLiYidD378=">AAACEnicbVDLSsNAFJ3UV42vaJduBovgqiQi6LLoxoWLCvYBbQiT6aQdOnkwcyOEkL9w71Z/wZ249Qf8Az/DaRvBth64cDjnXs7l+IngCmz7y6isrW9sblW3zZ3dvf0D6/Coo+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/uZn63UcmFY+jB8gS5oZkFPGAUwJa8qxaPqBE4LvCywcwZkAK0/Ssut2wZ8CrxClJHZVoedb3YBjTNGQRUEGU6jt2Am5OJHAqWGEOUsUSQidkxPqaRiRkys1nzxf4VCtDHMRSTwR4pv69yEmoVBb6ejMkMFbL3lT8z+unEFy5OY+SFFhE50FBKjDEeNoEHnLJKIhME0Il179iOiaSUNB9LaT44W+ArsZZLmKVdM4bjt1w7i/qzeuypCo6RifoDDnoEjXRLWqhNqIoQ8/oBb0aT8ab8W58zFcrRnlTQwswPn8A2fmdWA==</latexit><latexit sha1_base64="xQuHxAHrXKNrx5vqPNLiYidD378=">AAACEnicbVDLSsNAFJ3UV42vaJduBovgqiQi6LLoxoWLCvYBbQiT6aQdOnkwcyOEkL9w71Z/wZ249Qf8Az/DaRvBth64cDjnXs7l+IngCmz7y6isrW9sblW3zZ3dvf0D6/Coo+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/uZn63UcmFY+jB8gS5oZkFPGAUwJa8qxaPqBE4LvCywcwZkAK0/Ssut2wZ8CrxClJHZVoedb3YBjTNGQRUEGU6jt2Am5OJHAqWGEOUsUSQidkxPqaRiRkys1nzxf4VCtDHMRSTwR4pv69yEmoVBb6ejMkMFbL3lT8z+unEFy5OY+SFFhE50FBKjDEeNoEHnLJKIhME0Il179iOiaSUNB9LaT44W+ArsZZLmKVdM4bjt1w7i/qzeuypCo6RifoDDnoEjXRLWqhNqIoQ8/oBb0aT8ab8W58zFcrRnlTQwswPn8A2fmdWA==</latexit><latexit sha1_base64="xQuHxAHrXKNrx5vqPNLiYidD378=">AAACEnicbVDLSsNAFJ3UV42vaJduBovgqiQi6LLoxoWLCvYBbQiT6aQdOnkwcyOEkL9w71Z/wZ249Qf8Az/DaRvBth64cDjnXs7l+IngCmz7y6isrW9sblW3zZ3dvf0D6/Coo+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/uZn63UcmFY+jB8gS5oZkFPGAUwJa8qxaPqBE4LvCywcwZkAK0/Ssut2wZ8CrxClJHZVoedb3YBjTNGQRUEGU6jt2Am5OJHAqWGEOUsUSQidkxPqaRiRkys1nzxf4VCtDHMRSTwR4pv69yEmoVBb6ejMkMFbL3lT8z+unEFy5OY+SFFhE50FBKjDEeNoEHnLJKIhME0Il179iOiaSUNB9LaT44W+ArsZZLmKVdM4bjt1w7i/qzeuypCo6RifoDDnoEjXRLWqhNqIoQ8/oBb0aT8ab8W58zFcrRnlTQwswPn8A2fmdWA==</latexit>

v0
<latexit sha1_base64="VnZ5T6QjKawM7WktjcnTgKpAE9Q=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy4r2Ae2Q8mkmTY0yQxJplCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo8aOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYbD26nfHFGlWSwfzDihgcB9ySJGsLHSYycU2WjS9Vy3Wyp7FW8GtEr8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6cTuppgkmQ9ynbUslFlQH2eziCTqzSg9FsbJPGjRT/25kWGg9FqGdFNgM9LI3Ff/z2qmJroOMySQ1VJJ5UJRyZGI0/T7qMUWJ4WNLMFHM3orIACtMjC1pISUUvwG2Gn+5iFXSuKj4XsW/vyxXb/KSinACp3AOPlxBFe6gBnUgIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDKyyZPA==</latexit><latexit sha1_base64="VnZ5T6QjKawM7WktjcnTgKpAE9Q=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy4r2Ae2Q8mkmTY0yQxJplCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo8aOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYbD26nfHFGlWSwfzDihgcB9ySJGsLHSYycU2WjS9Vy3Wyp7FW8GtEr8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6cTuppgkmQ9ynbUslFlQH2eziCTqzSg9FsbJPGjRT/25kWGg9FqGdFNgM9LI3Ff/z2qmJroOMySQ1VJJ5UJRyZGI0/T7qMUWJ4WNLMFHM3orIACtMjC1pISUUvwG2Gn+5iFXSuKj4XsW/vyxXb/KSinACp3AOPlxBFe6gBnUgIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDKyyZPA==</latexit><latexit sha1_base64="VnZ5T6QjKawM7WktjcnTgKpAE9Q=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy4r2Ae2Q8mkmTY0yQxJplCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo8aOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYbD26nfHFGlWSwfzDihgcB9ySJGsLHSYycU2WjS9Vy3Wyp7FW8GtEr8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6cTuppgkmQ9ynbUslFlQH2eziCTqzSg9FsbJPGjRT/25kWGg9FqGdFNgM9LI3Ff/z2qmJroOMySQ1VJJ5UJRyZGI0/T7qMUWJ4WNLMFHM3orIACtMjC1pISUUvwG2Gn+5iFXSuKj4XsW/vyxXb/KSinACp3AOPlxBFe6gBnUgIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDKyyZPA==</latexit><latexit sha1_base64="VnZ5T6QjKawM7WktjcnTgKpAE9Q=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy4r2Ae2Q8mkmTY0yQxJplCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo8aOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYbD26nfHFGlWSwfzDihgcB9ySJGsLHSYycU2WjS9Vy3Wyp7FW8GtEr8nJQhR61b+u70YpIKKg3hWOu27yUmyLAyjHA6cTuppgkmQ9ynbUslFlQH2eziCTqzSg9FsbJPGjRT/25kWGg9FqGdFNgM9LI3Ff/z2qmJroOMySQ1VJJ5UJRyZGI0/T7qMUWJ4WNLMFHM3orIACtMjC1pISUUvwG2Gn+5iFXSuKj4XsW/vyxXb/KSinACp3AOPlxBFe6gBnUgIOEZXuDVeXLenHfnYz5acPKdY1iA8/kDKyyZPA==</latexit>

v̂
<latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit><latexit sha1_base64="K0QTHJ00o/sGKATf/bV8mX3+8Vg=">AAACC3icbVDLSsNAFL2prxpfVZdugkVwVRIRdFl047KCfUATy2Q6aYfOTMLMpFBCPsG9W/0Fd+LWj/AP/AynbQTbeuDC4Zx7OZcTJowq7bpfVmltfWNzq7xt7+zu7R9UDo9aKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej26nfHhOpaCwe9CQhAUcDQSOKkTbSoz9EOvNDno3z3LZ7lapbc2dwVolXkCoUaPQq334/xiknQmOGlOp6bqKDDElNMSO57aeKJAiP0IB0DRWIExVks69z58wofSeKpRmhnZn69yJDXKkJD80mR3qolr2p+J/XTXV0HWRUJKkmAs+DopQ5OnamFTh9KgnWbGIIwpKaXx08RBJhbYpaSAn5b4CpxlsuYpW0LmqeW/PuL6v1m6KkMpzAKZyDB1dQhztoQBMwSHiGF3i1nqw36936mK+WrOLmGBZgff4ACk6bZg==</latexit>

Lv
<latexit sha1_base64="Um6kNkdRlBS2AYTWE8BUd52jNcc=">AAACCXicbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy5cVLAPaIeSSTNtaJIZkkyhDP0C9271F9yJW7/CP/AzTNsRbOuBC4dz7uVcTphwpo3nfTmFtfWNza3itruzu7d/UDo8aug4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDm+nfnNElWaxfDTjhAYC9yWLGMHGSp2sQzBH95PuyHW7pbJX8WZAq8TPSRly1Lql704vJqmg0hCOtW77XmKCDCvDCKcTt5NqmmAyxH3atlRiQXWQzX6eoDOr9FAUKzvSoJn69yLDQuuxCO2mwGagl72p+J/XTk10HWRMJqmhksyDopQjE6NpAajHFCWGjy3BRDH7KyIDrDAxtqaFlFD8Bthq/OUiVknjouJ7Ff/hsly9yUsqwgmcwjn4cAVVuIMa1IFAAs/wAq/Ok/PmvDsf89WCk98cwwKczx93cJnt</latexit><latexit sha1_base64="Um6kNkdRlBS2AYTWE8BUd52jNcc=">AAACCXicbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy5cVLAPaIeSSTNtaJIZkkyhDP0C9271F9yJW7/CP/AzTNsRbOuBC4dz7uVcTphwpo3nfTmFtfWNza3itruzu7d/UDo8aug4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDm+nfnNElWaxfDTjhAYC9yWLGMHGSp2sQzBH95PuyHW7pbJX8WZAq8TPSRly1Lql704vJqmg0hCOtW77XmKCDCvDCKcTt5NqmmAyxH3atlRiQXWQzX6eoDOr9FAUKzvSoJn69yLDQuuxCO2mwGagl72p+J/XTk10HWRMJqmhksyDopQjE6NpAajHFCWGjy3BRDH7KyIDrDAxtqaFlFD8Bthq/OUiVknjouJ7Ff/hsly9yUsqwgmcwjn4cAVVuIMa1IFAAs/wAq/Ok/PmvDsf89WCk98cwwKczx93cJnt</latexit><latexit sha1_base64="Um6kNkdRlBS2AYTWE8BUd52jNcc=">AAACCXicbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy5cVLAPaIeSSTNtaJIZkkyhDP0C9271F9yJW7/CP/AzTNsRbOuBC4dz7uVcTphwpo3nfTmFtfWNza3itruzu7d/UDo8aug4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDm+nfnNElWaxfDTjhAYC9yWLGMHGSp2sQzBH95PuyHW7pbJX8WZAq8TPSRly1Lql704vJqmg0hCOtW77XmKCDCvDCKcTt5NqmmAyxH3atlRiQXWQzX6eoDOr9FAUKzvSoJn69yLDQuuxCO2mwGagl72p+J/XTk10HWRMJqmhksyDopQjE6NpAajHFCWGjy3BRDH7KyIDrDAxtqaFlFD8Bthq/OUiVknjouJ7Ff/hsly9yUsqwgmcwjn4cAVVuIMa1IFAAs/wAq/Ok/PmvDsf89WCk98cwwKczx93cJnt</latexit><latexit sha1_base64="Um6kNkdRlBS2AYTWE8BUd52jNcc=">AAACCXicbVDLSgMxFL1TX3V8VV26CRbBVZkRQZdFNy5cVLAPaIeSSTNtaJIZkkyhDP0C9271F9yJW7/CP/AzTNsRbOuBC4dz7uVcTphwpo3nfTmFtfWNza3itruzu7d/UDo8aug4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDm+nfnNElWaxfDTjhAYC9yWLGMHGSp2sQzBH95PuyHW7pbJX8WZAq8TPSRly1Lql704vJqmg0hCOtW77XmKCDCvDCKcTt5NqmmAyxH3atlRiQXWQzX6eoDOr9FAUKzvSoJn69yLDQuuxCO2mwGagl72p+J/XTk10HWRMJqmhksyDopQjE6NpAajHFCWGjy3BRDH7KyIDrDAxtqaFlFD8Bthq/OUiVknjouJ7Ff/hsly9yUsqwgmcwjn4cAVVuIMa1IFAAs/wAq/Ok/PmvDsf89WCk98cwwKczx93cJnt</latexit>

⌫2a
<latexit sha1_base64="n9L9yRWUM0VPMBq3PNyAo2BJ/W0=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1kVT1y3Vyp7FW8GtEr8nJQhR71X+u72Y5IKKg3hWOuO7yUmyLAyjHA6cbuppgkmIzygHUslFlQH2eziCTqzSh9FsbJPGjRT/25kWGg9FqGdFNgM9bI3Ff/zOqmJroKMySQ1VJJ5UJRyZGI0/T7qM0WJ4WNLMFHM3orIECtMjC1pISUUvwG2Gn+5iFXSrFZ8r+LfXZRr13lJRTiBUzgHHy6hBrdQhwYQkPAML/DqPDlvzrvzMR8tOPnOMSzA+fwBLEOZPQ==</latexit><latexit sha1_base64="n9L9yRWUM0VPMBq3PNyAo2BJ/W0=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1kVT1y3Vyp7FW8GtEr8nJQhR71X+u72Y5IKKg3hWOuO7yUmyLAyjHA6cbuppgkmIzygHUslFlQH2eziCTqzSh9FsbJPGjRT/25kWGg9FqGdFNgM9bI3Ff/zOqmJroKMySQ1VJJ5UJRyZGI0/T7qM0WJ4WNLMFHM3orIECtMjC1pISUUvwG2Gn+5iFXSrFZ8r+LfXZRr13lJRTiBUzgHHy6hBrdQhwYQkPAML/DqPDlvzrvzMR8tOPnOMSzA+fwBLEOZPQ==</latexit><latexit sha1_base64="n9L9yRWUM0VPMBq3PNyAo2BJ/W0=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1kVT1y3Vyp7FW8GtEr8nJQhR71X+u72Y5IKKg3hWOuO7yUmyLAyjHA6cbuppgkmIzygHUslFlQH2eziCTqzSh9FsbJPGjRT/25kWGg9FqGdFNgM9bI3Ff/zOqmJroKMySQ1VJJ5UJRyZGI0/T7qM0WJ4WNLMFHM3orIECtMjC1pISUUvwG2Gn+5iFXSrFZ8r+LfXZRr13lJRTiBUzgHHy6hBrdQhwYQkPAML/DqPDlvzrvzMR8tOPnOMSzA+fwBLEOZPQ==</latexit><latexit sha1_base64="n9L9yRWUM0VPMBq3PNyAo2BJ/W0=">AAACB3icbVDLSgMxFL1TX3V8VV26CRbBVZkpgi6LblxWsA9sh5JJM21okhmSjFCGfoB7t/oL7sStn+Ef+Bmm7Qi29UDgcM69nJsTJpxp43lfTmFtfWNzq7jt7uzu7R+UDo+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm6nfeqRKs1jem3FCA4EHkkWMYGOlh65Me1kVT1y3Vyp7FW8GtEr8nJQhR71X+u72Y5IKKg3hWOuO7yUmyLAyjHA6cbuppgkmIzygHUslFlQH2eziCTqzSh9FsbJPGjRT/25kWGg9FqGdFNgM9bI3Ff/zOqmJroKMySQ1VJJ5UJRyZGI0/T7qM0WJ4WNLMFHM3orIECtMjC1pISUUvwG2Gn+5iFXSrFZ8r+LfXZRr13lJRTiBUzgHHy6hBrdQhwYQkPAML/DqPDlvzrvzMR8tOPnOMSzA+fwBLEOZPQ==</latexit>

(pd, qd)
<latexit sha1_base64="TeUomNgukmwT8tDj45eABWPfiyc=">AAACFXicbZDLSsNAFIYn9VbrLSq4cTNahApSEhF0WXTjsoK9QBPLZDJph84kcWYilNjncO9WX8GduHXtG/gYTtoItvXAgY//nMN/+L2YUaks68soLCwuLa8UV0tr6xubW+b2TlNGicCkgSMWibaHJGE0JA1FFSPtWBDEPUZa3uAqm7ceiJA0Cm/VMCYuR72QBhQjpaWuuVdxPJ7GozvfOTiBGd9rPu6aZatqjQvOg51DGeRV75rfjh/hhJNQYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRGCJOpJuO/x/BI634MIiE7lDBsfr3IkVcyiH39CZHqi9nZ5n436yTqODCTWkYJ4qEeGIUJAyqCGZhQJ8KghUbakBYUP0rxH0kEFY6sikXj/8a6Gjs2SDmoXlata2qfXNWrl3mIRXBPjgEFWCDc1AD16AOGgCDR/AMXsCr8WS8Ge/Gx2S1YOQ3u2CqjM8f5waebg==</latexit><latexit sha1_base64="TeUomNgukmwT8tDj45eABWPfiyc=">AAACFXicbZDLSsNAFIYn9VbrLSq4cTNahApSEhF0WXTjsoK9QBPLZDJph84kcWYilNjncO9WX8GduHXtG/gYTtoItvXAgY//nMN/+L2YUaks68soLCwuLa8UV0tr6xubW+b2TlNGicCkgSMWibaHJGE0JA1FFSPtWBDEPUZa3uAqm7ceiJA0Cm/VMCYuR72QBhQjpaWuuVdxPJ7GozvfOTiBGd9rPu6aZatqjQvOg51DGeRV75rfjh/hhJNQYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRGCJOpJuO/x/BI634MIiE7lDBsfr3IkVcyiH39CZHqi9nZ5n436yTqODCTWkYJ4qEeGIUJAyqCGZhQJ8KghUbakBYUP0rxH0kEFY6sikXj/8a6Gjs2SDmoXlata2qfXNWrl3mIRXBPjgEFWCDc1AD16AOGgCDR/AMXsCr8WS8Ge/Gx2S1YOQ3u2CqjM8f5waebg==</latexit><latexit sha1_base64="TeUomNgukmwT8tDj45eABWPfiyc=">AAACFXicbZDLSsNAFIYn9VbrLSq4cTNahApSEhF0WXTjsoK9QBPLZDJph84kcWYilNjncO9WX8GduHXtG/gYTtoItvXAgY//nMN/+L2YUaks68soLCwuLa8UV0tr6xubW+b2TlNGicCkgSMWibaHJGE0JA1FFSPtWBDEPUZa3uAqm7ceiJA0Cm/VMCYuR72QBhQjpaWuuVdxPJ7GozvfOTiBGd9rPu6aZatqjQvOg51DGeRV75rfjh/hhJNQYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRGCJOpJuO/x/BI634MIiE7lDBsfr3IkVcyiH39CZHqi9nZ5n436yTqODCTWkYJ4qEeGIUJAyqCGZhQJ8KghUbakBYUP0rxH0kEFY6sikXj/8a6Gjs2SDmoXlata2qfXNWrl3mIRXBPjgEFWCDc1AD16AOGgCDR/AMXsCr8WS8Ge/Gx2S1YOQ3u2CqjM8f5waebg==</latexit><latexit sha1_base64="TeUomNgukmwT8tDj45eABWPfiyc=">AAACFXicbZDLSsNAFIYn9VbrLSq4cTNahApSEhF0WXTjsoK9QBPLZDJph84kcWYilNjncO9WX8GduHXtG/gYTtoItvXAgY//nMN/+L2YUaks68soLCwuLa8UV0tr6xubW+b2TlNGicCkgSMWibaHJGE0JA1FFSPtWBDEPUZa3uAqm7ceiJA0Cm/VMCYuR72QBhQjpaWuuVdxPJ7GozvfOTiBGd9rPu6aZatqjQvOg51DGeRV75rfjh/hhJNQYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRGCJOpJuO/x/BI634MIiE7lDBsfr3IkVcyiH39CZHqi9nZ5n436yTqODCTWkYJ4qEeGIUJAyqCGZhQJ8KghUbakBYUP0rxH0kEFY6sikXj/8a6Gjs2SDmoXlata2qfXNWrl3mIRXBPjgEFWCDc1AD16AOGgCDR/AMXsCr8WS8Ge/Gx2S1YOQ3u2CqjM8f5waebg==</latexit>

(pd
0, q

d
0)

<latexit sha1_base64="Cnh29+Vs6LAMSU0McT64I7yRlfs=">AAACF3icbZDLSsNAFIYn9VbrLepGcDNYhApSEhF0WXTjsoK9QBvDZDJph84kcWYilFDfw71bfQV34talb+BjOEkj2OqBgY//nMN/5vdiRqWyrE+jtLC4tLxSXq2srW9sbpnbO20ZJQKTFo5YJLoekoTRkLQUVYx0Y0EQ9xjpeKPLrN+5J0LSKLxR45g4HA1CGlCMlJZcc6/W93gaT2591zqGGd/lfOSaVatu5QX/gl1AFRTVdM2vvh/hhJNQYYak7NlWrJwUCUUxI5NKP5EkRniEBqSnMUScSCfNfzCBh1rxYRAJ/UIFc/X3Roq4lGPu6UmO1FDO9zLxv14vUcG5k9IwThQJ8dQoSBhUEczigD4VBCs21oCwoPpWiIdIIKx0aDMuHv8x0NHY80H8hfZJ3bbq9vVptXFRhFQG++AA1IANzkADXIEmaAEMHsATeAYvxqPxarwZ79PRklHs7IKZMj6+AUSZnyM=</latexit><latexit sha1_base64="Cnh29+Vs6LAMSU0McT64I7yRlfs=">AAACF3icbZDLSsNAFIYn9VbrLepGcDNYhApSEhF0WXTjsoK9QBvDZDJph84kcWYilFDfw71bfQV34talb+BjOEkj2OqBgY//nMN/5vdiRqWyrE+jtLC4tLxSXq2srW9sbpnbO20ZJQKTFo5YJLoekoTRkLQUVYx0Y0EQ9xjpeKPLrN+5J0LSKLxR45g4HA1CGlCMlJZcc6/W93gaT2591zqGGd/lfOSaVatu5QX/gl1AFRTVdM2vvh/hhJNQYYak7NlWrJwUCUUxI5NKP5EkRniEBqSnMUScSCfNfzCBh1rxYRAJ/UIFc/X3Roq4lGPu6UmO1FDO9zLxv14vUcG5k9IwThQJ8dQoSBhUEczigD4VBCs21oCwoPpWiIdIIKx0aDMuHv8x0NHY80H8hfZJ3bbq9vVptXFRhFQG++AA1IANzkADXIEmaAEMHsATeAYvxqPxarwZ79PRklHs7IKZMj6+AUSZnyM=</latexit><latexit sha1_base64="Cnh29+Vs6LAMSU0McT64I7yRlfs=">AAACF3icbZDLSsNAFIYn9VbrLepGcDNYhApSEhF0WXTjsoK9QBvDZDJph84kcWYilFDfw71bfQV34talb+BjOEkj2OqBgY//nMN/5vdiRqWyrE+jtLC4tLxSXq2srW9sbpnbO20ZJQKTFo5YJLoekoTRkLQUVYx0Y0EQ9xjpeKPLrN+5J0LSKLxR45g4HA1CGlCMlJZcc6/W93gaT2591zqGGd/lfOSaVatu5QX/gl1AFRTVdM2vvh/hhJNQYYak7NlWrJwUCUUxI5NKP5EkRniEBqSnMUScSCfNfzCBh1rxYRAJ/UIFc/X3Roq4lGPu6UmO1FDO9zLxv14vUcG5k9IwThQJ8dQoSBhUEczigD4VBCs21oCwoPpWiIdIIKx0aDMuHv8x0NHY80H8hfZJ3bbq9vVptXFRhFQG++AA1IANzkADXIEmaAEMHsATeAYvxqPxarwZ79PRklHs7IKZMj6+AUSZnyM=</latexit><latexit sha1_base64="Cnh29+Vs6LAMSU0McT64I7yRlfs=">AAACF3icbZDLSsNAFIYn9VbrLepGcDNYhApSEhF0WXTjsoK9QBvDZDJph84kcWYilFDfw71bfQV34talb+BjOEkj2OqBgY//nMN/5vdiRqWyrE+jtLC4tLxSXq2srW9sbpnbO20ZJQKTFo5YJLoekoTRkLQUVYx0Y0EQ9xjpeKPLrN+5J0LSKLxR45g4HA1CGlCMlJZcc6/W93gaT2591zqGGd/lfOSaVatu5QX/gl1AFRTVdM2vvh/hhJNQYYak7NlWrJwUCUUxI5NKP5EkRniEBqSnMUScSCfNfzCBh1rxYRAJ/UIFc/X3Roq4lGPu6UmO1FDO9zLxv14vUcG5k9IwThQJ8dQoSBhUEczigD4VBCs21oCwoPpWiIdIIKx0aDMuHv8x0NHY80H8hfZJ3bbq9vVptXFRhFQG++AA1IANzkADXIEmaAEMHsATeAYvxqPxarwZ79PRklHs7IKZMj6+AUSZnyM=</latexit>
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Figure 2: The JM Network Architecture of JSP-DNN .

Figure 3: Distribution of No-Overlap Violation results cor-
responding to the hyperparameter search of Table 1. Bench-
mark: ta30. Lagrangian dual results (Orange) are compared
against a baseline using MSE loss (Blue). JM network ar-
chitecture is compared against a baseline fully connected
network (FC). Scaled between 0 (min) and 1 (max).

reflect the task-precedence and no-overlap structure of the
JSP, respectively, encouraging the prediction to account for
these constraints. Second, in comparison to an architecture
that takes as input the full vector d and processes it using fully
connected ReLU layers, the proposed structure reduces the
number of trainable parameters, as no connection is created
within any two hidden layers processing tasks on di↵erent
machines (machine layers) or jobs (job layers). This allows
for faster convergence to high-quality predictions.

Figure 3 compares the no-overlap constraint violations
resulting from each choice of loss function and network ar-
chitecture over the whole range of hyperparameters searched.
The figure clearly illustrates the benefits of using the La-
grangian dual method, and that the best results are obtained
when the Lagrangian dual method is used in conjunction
with the JM architecture. The results for task precedence
constraints are analogous.

9 Constructing Feasible Solutions
It remains to show how to recover a feasible solution from the
prediction. The recovery method exploits the fact that, given
a task ordering on each machine, it is possible to construct
a feasible schedule in low polynomial time. Moreover, a
prediction ŝ defines implicitly a task ordering. Indeed, using
( j, t) to denote task t of job j, a start time prediction vector

Model 2: Recovering a Feasible Solution to the JSP.

⇧(s) = argmins u

subject to: (2a), (2b)
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Algorithm 2: The JSP Greedy Recovery.
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11 end
12 end

ŝ can be used to define a task ordering � between tasks
executing on the same machine, i.e.,

( j, t) �ŝ ( j
0, t0) i↵ µ̂ j
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j
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ŝ
j

t
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j

t

2 is the predicted midpoint of a task t of job j.

The Linear Program (LP) described in Model 2 computes
the optimal schedule subject to the ordering �ŝ associated
with prediction ŝ. This LP has the same objective as the
original scheduling problem, along with the upper bound on
start times and task-precedence constraints. The disjunctive
constraints of the JSP however are replaced by additional
precedence constraints (8a) and (8b) for the ordering on each
machine. The problem is totally unimodular when the dura-
tions are integral.

Note that the above LP may be infeasible: the machine
precedence constraints may not be consistent with the job
precedence constraints. If this happens, it is possible to use
a greedy recovery algorithm that selects the next task to
schedule based on its predicted starting time and updates
predictions with precedence and machine constraints. The
greedy procedure is illustrated in Algorithm 2 and is orga-
nized around a priority queue which is initialized with the
first task in each job. Each iteration selects the task with the
smallest starting time ŝ

j

t
and updates the starting of its job

successor (line 6) and the starting times of the unscheduled
task using the same machine (line 10). It is important to note
that this greedy procedure was never needed: all test cases

(e.g., all instances under all hyper-parameter combinations)
induced machine orderings that were consistent with the job
precedence constraints.

Constrained-aware 
network architecture 
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Constrained-aware 
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for scheduling problems
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Summary: ML proxy optimizers
Enforcing physical principle and hard constraints

Motivation: Need for well-performing optimization surrogates that also obey the enforcement of physical 
principles and hard constraints. 

Insight: Combine optimization principles within the ML models training cycle.  
• Lagrangian-dual framework [ECML-19, AAAI-20] 
• Lagrangian decomposition [TPWRS-21] 

Settings: 
• Optimal power flows in energy systems [AAAI-20, TPWRS-21, PMAS-22] 
• Manufacture task scheduling [NeurIPS-21, AAAI-22] 
• Transprecision computing [ECML-19] 
• Enforcing fairness in ML models [ECAI-20, AAAI-21, IJCAI-22, AAAI-22] 
• Enforcing fairness & robustness in ML models [CVPR-23*, ArXiv:22] 
• Model pruning [NeurIPS-22]
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Agenda
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Optimization as Network Layers

41

(x, y)
Data Prediction Loss

fθ
ĉ
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Optimization as Network Layers
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subject to g(z, ĉ)  0
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ĉ

<latexit sha1_base64="0uCf2ONJDbLnwPgI3BGG0gieD+Q="></latexit>

z⇤(ĉ)
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<latexit sha1_base64="VJlxzgLdlsCuap7DJGunfpFYAEY="></latexit>

Processes embedding ( ) and outputs 
solutions  satisfying “arbitrary" 
structure. 

Integrates domain knowledge and 
hard constraints in the learning 
pipeline (including at inference time).

̂c
z*( ̂c)

fθ
Jacobian matrix of 
partial derivatives



How do you differentiate  
through optimization programs?



Ferdinando Fioretto | University of  Virginia

• QP layers can be learned by taking the gradients of  
some loss function w.r.t. the parameters.  

• Differentiation can be obtained by differentiating the  
KKT conditions (sufficient and necessary conditions  
for optimality) at a solution to the problem.
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OptNet: Differentiable Optimization as a Layer in Neural Networks

Brandon Amos
1

J. Zico Kolter
1

Abstract

This paper presents OptNet, a network architec-
ture that integrates optimization problems (here,
specifically in the form of quadratic programs)
as individual layers in larger end-to-end train-
able deep networks. These layers encode con-
straints and complex dependencies between the
hidden states that traditional convolutional and
fully-connected layers often cannot capture. We
explore the foundations for such an architecture:
we show how techniques from sensitivity analy-
sis, bilevel optimization, and implicit differentia-
tion can be used to exactly differentiate through
these layers and with respect to layer parame-
ters; we develop a highly efficient solver for these
layers that exploits fast GPU-based batch solves
within a primal-dual interior point method, and
which provides backpropagation gradients with
virtually no additional cost on top of the solve;
and we highlight the application of these ap-
proaches in several problems. In one notable ex-
ample, the method is learns to play mini-Sudoku
(4x4) given just input and output games, with no
a-priori information about the rules of the game;
this highlights the ability of OptNet to learn hard
constraints better than other neural architectures.

1. Introduction

In this paper, we consider how to treat exact, constrained
optimization as an individual layer within a deep learn-
ing architecture. Unlike traditional feedforward networks,
where the output of each layer is a relatively simple (though
non-linear) function of the previous layer, our optimization
framework allows for individual layers to capture much
richer behavior, expressing complex operations that in to-
tal can reduce the overall depth of the network while pre-
serving richness of representation. Specifically, we build a
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framework where the output of the i + 1th layer in a net-
work is the solution to a constrained optimization problem
based upon previous layers. This framework naturally en-
compasses a wide variety of inference problems expressed
within a neural network, allowing for the potential of much
richer end-to-end training for complex tasks that require
such inference procedures.

Concretely, in this paper we specifically consider the task
of solving small quadratic programs as individual layers.
These optimization problems are well-suited to captur-
ing interesting behavior and can be efficiently solved with
GPUs. Specifically, we consider layers of the form

zi+1 = argmin
z

1

2
z
T
Q(zi)z + q(zi)

T
z

subject to A(zi)z = b(zi)

G(zi)z  h(zi)

(1)

where z is the optimization variable, Q(zi), q(zi), A(zi),
b(zi), G(zi), and h(zi) are parameters of the optimization
problem. As the notation suggests, these parameters can
depend in any differentiable way on the previous layer zi,
and which can eventually be optimized just like any other
weights in a neural network. These layers can be learned
by taking the gradients of some loss function with respect
to the parameters. In this paper, we derive the gradients of
(1) by taking matrix differentials of the KKT conditions of
the optimization problem at its solution.

In order to the make the approach practical for larger net-
works, we develop a custom solver which can simultane-
ously solve multiple small QPs in batch form. We do so
by developing a custom primal-dual interior point method
tailored specifically to dense batch operations on a GPU.
In total, the solver can solve batches of quadratic programs
over 100 times faster than existing highly tuned quadratic
programming solvers such as Gurobi and CPLEX. One cru-
cial algorithmic insight in the solver is that by using a
specific factorization of the primal-dual interior point up-
date, we can obtain a backward pass over the optimiza-
tion layer virtually “for free” (i.e., requiring no additional
factorization once the optimization problem itself has been
solved). Together, these innovations enable parameterized
optimization problems to be inserted within the architec-
ture of existing deep networks.
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• QP layers can be learned by taking the gradients of  
some loss function w.r.t. the parameters.  

• Differentiation can be obtained by differentiating the  
KKT conditions (sufficient and necessary conditions  
for optimality) at a solution to the problem.
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Abstract

This paper presents OptNet, a network architec-
ture that integrates optimization problems (here,
specifically in the form of quadratic programs)
as individual layers in larger end-to-end train-
able deep networks. These layers encode con-
straints and complex dependencies between the
hidden states that traditional convolutional and
fully-connected layers often cannot capture. We
explore the foundations for such an architecture:
we show how techniques from sensitivity analy-
sis, bilevel optimization, and implicit differentia-
tion can be used to exactly differentiate through
these layers and with respect to layer parame-
ters; we develop a highly efficient solver for these
layers that exploits fast GPU-based batch solves
within a primal-dual interior point method, and
which provides backpropagation gradients with
virtually no additional cost on top of the solve;
and we highlight the application of these ap-
proaches in several problems. In one notable ex-
ample, the method is learns to play mini-Sudoku
(4x4) given just input and output games, with no
a-priori information about the rules of the game;
this highlights the ability of OptNet to learn hard
constraints better than other neural architectures.

1. Introduction

In this paper, we consider how to treat exact, constrained
optimization as an individual layer within a deep learn-
ing architecture. Unlike traditional feedforward networks,
where the output of each layer is a relatively simple (though
non-linear) function of the previous layer, our optimization
framework allows for individual layers to capture much
richer behavior, expressing complex operations that in to-
tal can reduce the overall depth of the network while pre-
serving richness of representation. Specifically, we build a
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framework where the output of the i + 1th layer in a net-
work is the solution to a constrained optimization problem
based upon previous layers. This framework naturally en-
compasses a wide variety of inference problems expressed
within a neural network, allowing for the potential of much
richer end-to-end training for complex tasks that require
such inference procedures.

Concretely, in this paper we specifically consider the task
of solving small quadratic programs as individual layers.
These optimization problems are well-suited to captur-
ing interesting behavior and can be efficiently solved with
GPUs. Specifically, we consider layers of the form

zi+1 = argmin
z
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Q(zi)z + q(zi)
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subject to A(zi)z = b(zi)

G(zi)z  h(zi)

(1)

where z is the optimization variable, Q(zi), q(zi), A(zi),
b(zi), G(zi), and h(zi) are parameters of the optimization
problem. As the notation suggests, these parameters can
depend in any differentiable way on the previous layer zi,
and which can eventually be optimized just like any other
weights in a neural network. These layers can be learned
by taking the gradients of some loss function with respect
to the parameters. In this paper, we derive the gradients of
(1) by taking matrix differentials of the KKT conditions of
the optimization problem at its solution.

In order to the make the approach practical for larger net-
works, we develop a custom solver which can simultane-
ously solve multiple small QPs in batch form. We do so
by developing a custom primal-dual interior point method
tailored specifically to dense batch operations on a GPU.
In total, the solver can solve batches of quadratic programs
over 100 times faster than existing highly tuned quadratic
programming solvers such as Gurobi and CPLEX. One cru-
cial algorithmic insight in the solver is that by using a
specific factorization of the primal-dual interior point up-
date, we can obtain a backward pass over the optimiza-
tion layer virtually “for free” (i.e., requiring no additional
factorization once the optimization problem itself has been
solved). Together, these innovations enable parameterized
optimization problems to be inserted within the architec-
ture of existing deep networks.
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OptNet: Differentiable Optimization as a Layer in Neural Networks

forms implicit differentiation on (multi-)convex objectives
with coordinate subspace constraints, but don’t consider in-
equality constraints and don’t consider in detail general lin-
ear equality constraints. Their optimization problem is only
in the final layer of a variational inference network while
we propose to insert optimization problems anywhere in
the network. Therefore a special case of OptNet layers
(with no inequality constraints) has a natural interpretation
in terms of Gaussian inference, and so Gaussian graphi-
cal models (or CRF ideas more generally) provide tools
for making the computation more efficient and interpreting
or constraining its structure. Similarly, the older work of
Mairal et al. (2012) considered argmin differentiation for a
LASSO problem, deriving specific rules for this case, and
presenting an efficient algorithm based upon our ability to
solve the LASSO problem efficiently.

In this paper, we use implicit differentiation (Dontchev
& Rockafellar, 2009; Griewank & Walther, 2008) and
techniques from matrix differential calculus (Magnus &
Neudecker, 1988) to derive the gradients from the KKT
matrix of the problem. A notable difference from other
work within ML that we are aware of, is that we analyti-
cally differentiate through inequality as well as just equal-
ity constraints by differentiating the complementarity con-
ditions; this differs from e.g., Gould et al. (2016) where
they instead approximately convert the problem to an un-
constrained one via a barrier method. We have also devel-
oped methods to make this approach practical and reason-
ably scalable within the context of deep architectures.

3. OptNet: solving optimization within a

neural network

Although in the most general form, an OptNet layer can
be any optimization problem, in this paper we will study
OptNet layers defined by a quadratic program

minimize
z

1

2
z
T
Qz + q

T
z

subject to Az = b, Gz  h

(2)

where z 2 Rn is our optimization variable Q 2 Rn⇥n ⌫ 0
(a positive semidefinite matrix), q 2 Rn, A 2 Rm⇥n,
b 2 Rm, G 2 Rp⇥n and h 2 Rp are problem data,
and leaving out the dependence on the previous layer zi

as we showed in (1) for notational convenience. As is well-
known, these problems can be solved in polynomial time
using a variety of methods; if one desires exact (to numeri-
cal precision) solutions to these problems, then primal-dual
interior point methods, as we will use in a later section, are
the current state of the art in solution methods. In the neu-
ral network setting, the optimal solution (or more generally,
a subset of the optimal solution) of this optimization prob-
lems becomes the output of our layer, denoted zi+1, and
any of the problem data Q, q,A, b,G, h can depend on the

value of the previous layer zi. The forward pass in our Opt-
Net architecture thus involves simply setting up and finding
the solution to this optimization problem.

Training deep architectures, however, requires that we not
just have a forward pass in our network but also a back-
ward pass. This requires that we compute the derivative of
the solution to the QP with respect to its input parameters,
a general topic we topic we discussed previously. To ob-
tain these derivatives, we differentiate the KKT conditions
(sufficient and necessary conditions for optimality) of (2)
at a solution to the problem using techniques from matrix
differential calculus (Magnus & Neudecker, 1988). Our
analysis here can be extended to more general convex opti-
mization problems.

The Lagrangian of (2) is given by

L(z, ⌫,�) =
1

2
z
T
Qz + q

T
z + ⌫

T (Az � b) + �
T (Gz � h)

(3)
where ⌫ are the dual variables on the equality constraints
and � � 0 are the dual variables on the inequality con-
straints. The KKT conditions for stationarity, primal feasi-
bility, and complementary slackness are

Qz
? + q +A

T
⌫
? +G

T
�
? = 0

Az
? � b = 0

D(�?)(Gz
? � h) = 0,

(4)

where D(·) creates a diagonal matrix from a vector and z
?,

⌫
? and �

? are the optimal primal and dual variables. Taking
the differentials of these conditions gives the equations

dQz
? +Qdz + dq + dAT

⌫
?+

A
T d⌫ + dGT

�
? +G

T d� = 0

dAz
? +Adz � db = 0

D(Gz
? � h)d�+D(�?)(dGz

? +Gdz � dh) = 0

(5)

or written more compactly in matrix form
2

4
Q G

T
A

T

D(�?)G D(Gz
? � h) 0

A 0 0

3

5

2

4
dz
d�
d⌫

3

5 =

�

2

4
dQz

? + dq + dGT
�
? + dAT

⌫
?

D(�?)dGz
? �D(�?)dh

dAz? � db

3

5 .

(6)

Using these equations, we can form the Jacobians of z? (or
�
? and ⌫

?, though we don’t consider this case here), with
respect to any of the data parameters. For example, if we
wished to compute the Jacobian @z?

@b 2 Rn⇥m, we would
simply substitute db = I (and set all other differential terms
in the right hand side to zero), solve the equation, and the
resulting value of dz would be the desired Jacobian.

In the backpropagation algorithm, however, we never want
to explicitly form the actual Jacobian matrices, but rather
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Taking the differentials

• The Lagrangian of the QP is 

• The KKT conditions for stationarity, primal feasibility, and complementary slackness are:
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Abstract

This paper presents OptNet, a network architec-
ture that integrates optimization problems (here,
specifically in the form of quadratic programs)
as individual layers in larger end-to-end train-
able deep networks. These layers encode con-
straints and complex dependencies between the
hidden states that traditional convolutional and
fully-connected layers often cannot capture. We
explore the foundations for such an architecture:
we show how techniques from sensitivity analy-
sis, bilevel optimization, and implicit differentia-
tion can be used to exactly differentiate through
these layers and with respect to layer parame-
ters; we develop a highly efficient solver for these
layers that exploits fast GPU-based batch solves
within a primal-dual interior point method, and
which provides backpropagation gradients with
virtually no additional cost on top of the solve;
and we highlight the application of these ap-
proaches in several problems. In one notable ex-
ample, the method is learns to play mini-Sudoku
(4x4) given just input and output games, with no
a-priori information about the rules of the game;
this highlights the ability of OptNet to learn hard
constraints better than other neural architectures.

1. Introduction

In this paper, we consider how to treat exact, constrained
optimization as an individual layer within a deep learn-
ing architecture. Unlike traditional feedforward networks,
where the output of each layer is a relatively simple (though
non-linear) function of the previous layer, our optimization
framework allows for individual layers to capture much
richer behavior, expressing complex operations that in to-
tal can reduce the overall depth of the network while pre-
serving richness of representation. Specifically, we build a
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framework where the output of the i + 1th layer in a net-
work is the solution to a constrained optimization problem
based upon previous layers. This framework naturally en-
compasses a wide variety of inference problems expressed
within a neural network, allowing for the potential of much
richer end-to-end training for complex tasks that require
such inference procedures.

Concretely, in this paper we specifically consider the task
of solving small quadratic programs as individual layers.
These optimization problems are well-suited to captur-
ing interesting behavior and can be efficiently solved with
GPUs. Specifically, we consider layers of the form

zi+1 = argmin
z

1

2
z
T
Q(zi)z + q(zi)

T
z

subject to A(zi)z = b(zi)

G(zi)z  h(zi)

(1)

where z is the optimization variable, Q(zi), q(zi), A(zi),
b(zi), G(zi), and h(zi) are parameters of the optimization
problem. As the notation suggests, these parameters can
depend in any differentiable way on the previous layer zi,
and which can eventually be optimized just like any other
weights in a neural network. These layers can be learned
by taking the gradients of some loss function with respect
to the parameters. In this paper, we derive the gradients of
(1) by taking matrix differentials of the KKT conditions of
the optimization problem at its solution.

In order to the make the approach practical for larger net-
works, we develop a custom solver which can simultane-
ously solve multiple small QPs in batch form. We do so
by developing a custom primal-dual interior point method
tailored specifically to dense batch operations on a GPU.
In total, the solver can solve batches of quadratic programs
over 100 times faster than existing highly tuned quadratic
programming solvers such as Gurobi and CPLEX. One cru-
cial algorithmic insight in the solver is that by using a
specific factorization of the primal-dual interior point up-
date, we can obtain a backward pass over the optimiza-
tion layer virtually “for free” (i.e., requiring no additional
factorization once the optimization problem itself has been
solved). Together, these innovations enable parameterized
optimization problems to be inserted within the architec-
ture of existing deep networks.
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forms implicit differentiation on (multi-)convex objectives
with coordinate subspace constraints, but don’t consider in-
equality constraints and don’t consider in detail general lin-
ear equality constraints. Their optimization problem is only
in the final layer of a variational inference network while
we propose to insert optimization problems anywhere in
the network. Therefore a special case of OptNet layers
(with no inequality constraints) has a natural interpretation
in terms of Gaussian inference, and so Gaussian graphi-
cal models (or CRF ideas more generally) provide tools
for making the computation more efficient and interpreting
or constraining its structure. Similarly, the older work of
Mairal et al. (2012) considered argmin differentiation for a
LASSO problem, deriving specific rules for this case, and
presenting an efficient algorithm based upon our ability to
solve the LASSO problem efficiently.

In this paper, we use implicit differentiation (Dontchev
& Rockafellar, 2009; Griewank & Walther, 2008) and
techniques from matrix differential calculus (Magnus &
Neudecker, 1988) to derive the gradients from the KKT
matrix of the problem. A notable difference from other
work within ML that we are aware of, is that we analyti-
cally differentiate through inequality as well as just equal-
ity constraints by differentiating the complementarity con-
ditions; this differs from e.g., Gould et al. (2016) where
they instead approximately convert the problem to an un-
constrained one via a barrier method. We have also devel-
oped methods to make this approach practical and reason-
ably scalable within the context of deep architectures.

3. OptNet: solving optimization within a

neural network

Although in the most general form, an OptNet layer can
be any optimization problem, in this paper we will study
OptNet layers defined by a quadratic program
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z
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where z 2 Rn is our optimization variable Q 2 Rn⇥n ⌫ 0
(a positive semidefinite matrix), q 2 Rn, A 2 Rm⇥n,
b 2 Rm, G 2 Rp⇥n and h 2 Rp are problem data,
and leaving out the dependence on the previous layer zi

as we showed in (1) for notational convenience. As is well-
known, these problems can be solved in polynomial time
using a variety of methods; if one desires exact (to numeri-
cal precision) solutions to these problems, then primal-dual
interior point methods, as we will use in a later section, are
the current state of the art in solution methods. In the neu-
ral network setting, the optimal solution (or more generally,
a subset of the optimal solution) of this optimization prob-
lems becomes the output of our layer, denoted zi+1, and
any of the problem data Q, q,A, b,G, h can depend on the

value of the previous layer zi. The forward pass in our Opt-
Net architecture thus involves simply setting up and finding
the solution to this optimization problem.

Training deep architectures, however, requires that we not
just have a forward pass in our network but also a back-
ward pass. This requires that we compute the derivative of
the solution to the QP with respect to its input parameters,
a general topic we topic we discussed previously. To ob-
tain these derivatives, we differentiate the KKT conditions
(sufficient and necessary conditions for optimality) of (2)
at a solution to the problem using techniques from matrix
differential calculus (Magnus & Neudecker, 1988). Our
analysis here can be extended to more general convex opti-
mization problems.

The Lagrangian of (2) is given by

L(z, ⌫,�) =
1
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T
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T (Az � b) + �
T (Gz � h)

(3)
where ⌫ are the dual variables on the equality constraints
and � � 0 are the dual variables on the inequality con-
straints. The KKT conditions for stationarity, primal feasi-
bility, and complementary slackness are
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where D(·) creates a diagonal matrix from a vector and z
?,

⌫
? and �

? are the optimal primal and dual variables. Taking
the differentials of these conditions gives the equations
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or written more compactly in matrix form
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Using these equations, we can form the Jacobians of z? (or
�
? and ⌫

?, though we don’t consider this case here), with
respect to any of the data parameters. For example, if we
wished to compute the Jacobian @z?

@b 2 Rn⇥m, we would
simply substitute db = I (and set all other differential terms
in the right hand side to zero), solve the equation, and the
resulting value of dz would be the desired Jacobian.

In the backpropagation algorithm, however, we never want
to explicitly form the actual Jacobian matrices, but rather
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Using these equations, we can form the Jacobians of z? (or
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respect to any of the data parameters. For example, if we
wished to compute the Jacobian @z?

@b 2 Rn⇥m, we would
simply substitute db = I (and set all other differential terms
in the right hand side to zero), solve the equation, and the
resulting value of dz would be the desired Jacobian.

In the backpropagation algorithm, however, we never want
to explicitly form the actual Jacobian matrices, but rather

Taking the differentials

• with these equations, we can form the Jacobians of 
 w.r.t. any of the data parameters.  

• For example, to compute  one would  

substitute , solve the equation and retrieve the resulting value of . 
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• LP layers cannot be learned directly by differentiating  
through the KKT conditions.  

• The optimal solution to an LP may not offer useful differentials  
w.r.t. predictions  . This is because  is zerôy ∇2

z f(z, y) = yt z
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• Small changes in the model parameters  may  
cause discrete jumps to a new vertex.

̂y ∇2
z f(z, y) = yt z

̂y

48

LP Layer

Wilder et al. AAAI 2019

Predictions from 
previous layer

<latexit sha1_base64="Xl9WPtJhBSfoLy6wUPEJW8I+VSU="></latexit>

z⇤ = argmin
z
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• LP layers cannot be learned directly by differentiating  
through the KKT conditions.  

• The optimal solution to an LP may not offer useful differentials  
w.r.t. predictions  . This is because  is zero. 

• Small changes in the model parameters  may  
cause discrete jumps to a new vertex. 

• Solution: Add a regularizer to smooth the objective:  

• Hessian 
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z f(z, y) = 2γI > 0
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ŷ

z*

<latexit sha1_base64="srGnFScYDFS6PiLmDF7i9FL3uo4="></latexit>

ŷ
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• A different idea: Stochastically perturbing the coefficients  with  
noise from some distribution Z.  

•  This creates a distribution of z in the solution space for a given . 
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• A different idea: Stochastically perturbing the coefficients  with  
noise from some distribution Z.  

•  This creates a distribution of z in the solution space for a given . 
 

• The perturbed LP is now differentiable with derivative: 

• (no close form) approximated via Monte-Carlo sampling. 
                         

̂y

̂y

51

LP Layer Predictions from 
previous layer

<latexit sha1_base64="Xl9WPtJhBSfoLy6wUPEJW8I+VSU="></latexit>

z⇤ = argmin
z
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z ⇤ (ŷ + ✏Z)v0(Z)>

⇤

parameter of the noise distribution

Implicit differentiation
Linear Programs (Perturbed optimizers)



Some Applications 
Enabling ML with the ability to satisfy constraints



Ferdinando Fioretto | University of  Virginia

Differentiable permutations
Certified fairness in learning to rank
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• Ranking systems are pervasive in online web searches, job searches, property 
renting, streaming content, etc.  

• Learning to rank: construct mappings between lists of n items and permutations 
of the list [n] by learning a ranking policy  from which rankings can be sampled.Π
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Differentiable permutations
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• Ranking systems are pervasive in online web searches, job searches, property 
renting, streaming content, etc.  

• Learning to rank: construct mappings between lists of n items and permutations 
of the list [n] by learning a ranking policy  from which rankings can be sampled.Π

• Algorithms used to learn rankings are typically oblivious to their potential 
disparate impacts on different groups of individuals.
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• Fair learning to rank: Learn rankings 
subject to fairness exposure constraints 
among protected groups.

End-to-end Learning for Fair Ranking Systems

D��������� 1 (� ���������). A modelM� is � -fair, with respect
to exposure, if for any query q 2 [N ] and group � 2 G:��� (M� (xq ),�)

��  � .

In other words, the fairness violation on the resulting ranking policy
is upper bounded by � � 0.

The goal of this paper is to design accurate LTR models that
guarantee � -fairness for any prescribed fairness level � � 0. As
noted by Agarwal et al. [1] and Fioretto et al. [10], several fairness
notions, including those considered in this paper, can be viewed as
linear constraints between the properties of each groupwith respect
to the population. While the above description focuses on exposure,
the methods discussed in this paper can handle any fairness notion
that can be formalized as a (set of) linear constraints, including
merit weighted fairness, introduced in Section 5.2. A summary of
the common adopted symbols and their associated semantics is
provided in Table 1.

4 LEARNING FAIR RANKINGS: CHALLENGES
When interpreted as constraints of the form (3), fairness properties
can be explicitly imposed to problem (P), resulting in a constrained
empirical risk problem, formalized as follows:

�⇤ = argmax
�

1
N

N’
q=1

U (M� (xq ),Äq ) (4a)

s.t.

��� (M� (xq ),�)
��  � 8q 2 [N ],� 2 G. (4b)

Solving this new problem, however, becomes challenging due to
the presence of constraints. Rather than enforcing constraints (4b)
exactly, state of the art approaches in fair LTR (e.g., [16, 20]) rely
on augmenting the loss function (4a) with a term that penalizes the
constraint violations � weighted by a multiplier �. This approach,
however, has several undesirable properties:
(1) Because the constraint violation term is applied at the level of

the loss function, it applies only on average over the samples
encountered during training. Because the sign (±) of a fairness
violation depends on which group is favored, disparities in favor
of one group can cancel out those in favor of another group for
di�erent queries. This can lead to models which predict individ-
ual policies that are far from satisfying fairness in expectation,
as desired. These e�ects will be shown in Section 7.

(2) The multiplier � must be treated as a hyperparameter, increas-
ing the computational e�ort required to �nd desirable solutions.
This is already challenging for binary groups and the task be-
comes (exponentially) more demanding with the increasing of
the number of protected groups.

(3) When a tradeo� between fairness and utility is desired, it can-
not be controlled by specifying an allowable magnitude for
fairness violation. This is due to the lack of a reliable relation-
ship between the hyperparameter � and the resulting constraint
violations. In particular, choosing � to satisfy De�nition 1 for a
given � is near-impossible due to the sensitivity and unreliabil-
ity of the relationship between these two values.

The approach proposed in this paper avoids these di�culties by
providing an end-to-end integration of predictions and optimization
into a single machine-learning pipeline, where (1) fair policies are

obtained by an optimization model using the predicted relevance
scores and (2) the utility metrics are back-propagated from the loss
function to the inputs, through the optimization model and the
predictive models. This also ensures that the fairness constraints
are satis�ed on each predicted ranking policy.

5 SPOFR
This section presents the proposed Smart Predict and Optimize for
Fair Ranking (SPOFR) framework and analyzes the properties of
the resulting predicted ranking policies.
Overview. The underlying idea behind SPOFR relies on the real-
ization that constructing an optimal ranking policy �q associated
with a query q can be cast as a linear program (as detailed in the
next section) which relies only on the relevance scoresÄq . The cost
vector of the objective function of this program is however not
observed, but can be predicted from the feature vectors x iq (i 2 [n])
associated with the item list xq to rank. The resulting framework
thus operates into three steps:
(1) First, for a given query q and its associated item list xq , a neural

network model M� is used to predict relevance scores Ä̂q =
(�̂1q , . . . , �̂nq );

(2) Next, the predicted relevance scores are used to specify the
objective function of a linear program whose solution will re-
sult in a fair optimal (with the respect to the predicted scores)
ranking policy �⇤(Ä̂q );

(3) Finally, a regret function, which measures the loss of optimality
relative to the true optimal policy �⇤(Äq ) is computed, and
gradients are back-propagated along each step, including in the
argmax operator adopted by the linear program, creating an
end-to-end framework.

The overall scheme is illustrated in Figure 1. It is important to note
that, rather thanminimizing a standard error (such as amean square
loss) between the predicted quantities Ä̂q and the target scores Äq ,
SPOFRminimizes directly a loss in optimality of the predicted ranking
with respect to the optimal ones. Minimizing this loss is however
challenging as ranking are discrete structures, which requires to
back-propagate gradients through a linear program. These steps
are examined in detail in the rest of this section.

While the proposed framework is general and can be applied
to any linear utility metric U for rankings (see Problem (1)), this
section grounds the presentation on a widely adopted utility metric,
the Discounted Cumulative Gain (DCG):

DCG(� ,Äq ) =
n’
i=1

�iqw�i , (5)

where � is a permutation over [n], Äq are the true relevance scores,
andw is an arbitrary weighting vector over ranking positions, cap-
turing the concept of position discount. Commonly, and throughout
this paper, wi=1/log2(1+i). Note that following [17, 20], these dis-
count factors are considered distinct from the position bias factors
v used in the calculation of group exposure.

5.1 Predict: Relevance Scores
Given a query q with a list of items xq = (x1q , . . . , xnq ) to be ranked,
the predict step uses a single fully connected ReLU neural net-
work M� acting on each individual item x iq to predict a score
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with a query q can be cast as a linear program (as detailed in the
next section) which relies only on the relevance scoresÄq . The cost
vector of the objective function of this program is however not
observed, but can be predicted from the feature vectors x iq (i 2 [n])
associated with the item list xq to rank. The resulting framework
thus operates into three steps:
(1) First, for a given query q and its associated item list xq , a neural

network model M� is used to predict relevance scores Ä̂q =
(�̂1q , . . . , �̂nq );

(2) Next, the predicted relevance scores are used to specify the
objective function of a linear program whose solution will re-
sult in a fair optimal (with the respect to the predicted scores)
ranking policy �⇤(Ä̂q );

(3) Finally, a regret function, which measures the loss of optimality
relative to the true optimal policy �⇤(Äq ) is computed, and
gradients are back-propagated along each step, including in the
argmax operator adopted by the linear program, creating an
end-to-end framework.

The overall scheme is illustrated in Figure 1. It is important to note
that, rather thanminimizing a standard error (such as amean square
loss) between the predicted quantities Ä̂q and the target scores Äq ,
SPOFRminimizes directly a loss in optimality of the predicted ranking
with respect to the optimal ones. Minimizing this loss is however
challenging as ranking are discrete structures, which requires to
back-propagate gradients through a linear program. These steps
are examined in detail in the rest of this section.

While the proposed framework is general and can be applied
to any linear utility metric U for rankings (see Problem (1)), this
section grounds the presentation on a widely adopted utility metric,
the Discounted Cumulative Gain (DCG):

DCG(� ,Äq ) =
n’
i=1

�iqw�i , (5)

where � is a permutation over [n], Äq are the true relevance scores,
andw is an arbitrary weighting vector over ranking positions, cap-
turing the concept of position discount. Commonly, and throughout
this paper, wi=1/log2(1+i). Note that following [17, 20], these dis-
count factors are considered distinct from the position bias factors
v used in the calculation of group exposure.

5.1 Predict: Relevance Scores
Given a query q with a list of items xq = (x1q , . . . , xnq ) to be ranked,
the predict step uses a single fully connected ReLU neural net-
work M� acting on each individual item x iq to predict a score
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)

subject to:
’
j
�i j = 1 8i 2 [n] (6b)

’
i

�i j = 1 8j 2 [n] (6c)

0  �i j  1 8i, j 2 [n] (6d)
|� (�,�)|  � 8� 2 G (6e)

�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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ŷq <latexit sha1_base64="mDmRB1WvqkDi4+3CTGxw0g1Q5YU="></latexit>

subject to A� � b

<latexit sha1_base64="OtShPc2HdjtwkDPWxA9MrKuX+o0="></latexit>

���(ŷq)
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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��(ŷq) = argmax
�

ŷ�
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)

subject to:
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).

predictions

doubly stochastic form

permutation matrix

A Birkhoff-von Neumann decomposition allows to   
represent ranking policies  as a linear objective 
function.
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L (��(ŷq), �
�(yq))

<latexit sha1_base64="+r8MlzmYBQNDcsk3jZYfeIP7Lfg="></latexit>
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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�L(��(ŷq), ��(yq))

���(ŷq)
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).

predictions

doubly stochastic form

permutation matrix

A Birkhoff-von Neumann decomposition allows to   
represent ranking policies  as a linear objective 
function.

Π
Position bias disparity

Kotary et al WWW-22



Ferdinando Fioretto | University of  Virginia

Differentiable permutations

56

Learning fair rankings: challenges

x1
q ̂y1

q
fθ

xn
q

q

query

̂yn
q

ŷq
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)

subject to:
’
j
�i j = 1 8i 2 [n] (6b)

’
i
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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ŷ1
q

<latexit sha1_base64="AnPCgKKxcDyfbl1u9ORGFxCY7Co="></latexit>

}
<latexit sha1_base64="PasoyuEIWxtsgoY8xE0h22lRKfk="></latexit>

(xq, aq, yq)

Solver Execution

P r e d i c t a n d  O p t i m i z e

end-to-end gradient computation

<latexit sha1_base64="0sGwvl3egbQsRVUOjp8lbejOTTc="></latexit>
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<latexit sha1_base64="0mdU0BkiUprUmxJWWT+F0ahhUSU="></latexit>
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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��(ŷq) = argmax
�

ŷ�
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)

subject to:
’
j
�i j = 1 8i 2 [n] (6b)

’
i

�i j = 1 8j 2 [n] (6c)

0  �i j  1 8i, j 2 [n] (6d)
|� (�,�)|  � 8� 2 G (6e)

�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).

backpropagation

• Discontinuous w.r.t.  for fixed . ̂y y
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Likewise, the constraint on column j says that the total probability
of some item occupying position j must also be 1 (Constraints (6c)).
Constraints (6d) require that each �i j value be a probability.

For the policy implied by � to be fair, additional fairness con-
straints must be introduced.
Fairness Constraints. Enforcing fairness requires only one ad-
ditional set of constraints, which ensures that the exposures are
allocated fairly among the distinct groups. The expected exposure of
item i in rankings � derived from a policy matrix� can be expressed
in terms of position bias factors v as E�⇠�E(i,� ) =

Õn
j=1 �i j�j .

The � -fairness of exposure constraints associated with predicted
ranking policy � and group � 2 G becomes:�����

 
1

|G�
q |

� �
1
n

!>
�v

�����  � , (8)

where, G�
q = {i : (aiq ) = �}, is the vector of all ones, and �

is a vector whose values equal to 1 if the corresponding item to
be ranked is in G

�
q , and 0 otherwise. This de�nition is consistent

with that of Equation (2). It is also natural to consider a notion of
weighted fairness of exposure:�����

 
µ

|G�
q |

� �
µ�
n

!>
�v

�����  � , (9)

which speci�es that group � receive exposure in proportion to
the weight µ� . In this paper, where applicable and for a notion of
merit-weighted fairness of exposure, µ� is chosen to be the average
relevance score of items in group �, while µ is the average over all
items. Note that, while the above are natural choices for fairness in
ranking systems, any linear constraint can be used instead.

5.3 Regret Loss and SPO Training
The training of the end-to-end fair ranking model uses a loss func-
tion that minimizes the regret between the exact and approximate
policies, i.e.,

L(Ä, Ä̂) = Ä>�⇤(Ä)w �Ä>�⇤(Ä̂)w . (10)

To train the model with stochastic gradient descent, the main chal-
lenge is the back-propagation through Model (1), i.e., the �nal
operation of our learnable ranking function. It is well-known that
a parametric linear program with �xed constraints is a nonsmooth
mapping from objective coe�cients to optimal solutions. Nonethe-
less, e�ective approximations for the gradients of this mapping can
be found [8]. Consider the optimal solution to a linear programming
problem with �xed constraints, as a function of its cost vector Ä̂:

�⇤(Ä̂) = argmax
�

Ä̂>�

s.t. A�  b,

with A and b being an arbitrary matrix and vector, respectively.
Given candidate costs Ä̂, the resulting optimal solution �⇤(Ä̂) can
be evaluated relative to a known cost vectorÄ. Further, the resulting
objective value can be compared to that of the optimal objective
under the known cost vector using the regret metric L(Ä, Ä̂).

The regret measures the loss in objective value, relative to the
true cost function, induced by the predicted cost. It is used as a loss
function by which the predicted linear program costs vectors can be

Algorithm 1: Training the Fair Ranking Function
input :D,�,w : Training Data, Learning Rate, Position Discount.

1 for epoch k = 0, 1, . . . do
2 foreach (x,a,Ä) D do
3 Ä̂  M� (x)
4 �1  �⇤(Ä>w) by Model 1
5 �2  �⇤(2Ä̂>w �Ä>w) by Model 1
6 rL(Ä>w, Ä̂>w) �2 � �1

7 �  � � �rL(Ä>w, Ä̂>Ä) @�̂
>w

@�

supervised by ground-truth values. However, the regret function is
discontinuous with respect to Ä̂ for �xedÄ. Following the approach
pioneered in [8], this paper uses a convex surrogate loss function,
called the SPO+ loss, which forms a convex upper-bounding function
over L(Ä, Ä̂). Its gradient is computed as follows:

@

@Ä
L(Ä, Ä̂) ⇡ @

@Ä
LSPO+(Ä, Ä̂) = �⇤(2Ä̂ �Ä) � �⇤(Ä). (11)

Remarkably, risk bounds about the SPO+ loss relative to the SPO loss
can be derived [13], and the empirical minimizer of the SPO+ loss
is shown to achieve low excess true risk with high probability. Note
that, by de�nition, Ä>�⇤(Ä) � Ä>�⇤(Ä̂) and therefore L(Ä, Ä̂) � 0.
Hence, �nding the Ä̂ minimizing L(Ä, Ä̂) is equivalent to �nding
the Ä̂ maximizing Ä>�⇤(Ä̂), since Ä>�⇤(Ä) is a constant value.

In the context of fair learning to rank, the goal is to predict
the cost coe�cients Ä̂ for Model 1 which maximize the empirical
DCG, equal to Ä> �⇤(Ä̂)w for ground-truth relevance scores Ä. A
vectorized form can be written:

Ä>�w =
�����!
(Ä>w) · �!� , (12)

where
�!
A represents the row-major-order vectorization of a matrix

A. Hence, the regret induced by prediction of cost coe�cients Ä̂ is

L(Ä, Ä̂) =
�����!
(Ä>w) ·

����!
�⇤(Ä) �

�����!
(Ä>w) ·

����!
�⇤(Ä̂). (13)

Note that while the cost coe�cients Ä can be predicted generically
(i.e., predicting an n2-sized matrix), the modeling approach taken
in this paper is to predict item scores independently from individ-
ual feature vectors (resulting in an n-sized vector). These values
combine naturally with the known position bias valuesv , to esti-
mate DCG in the absence of true item scores. This simpli�cation
allows for learning independently over individual feature vectors,
and was found in practice to outperform frameworks which use
larger networks which take as input the entire feature vector lists.

Algorithm 1 maximizes the expected DCG of a learned ranking
function by minimizing this regret. Its gradient is approximated as

����������������!
�⇤(2Ä̂>w �Ä>w) �

�������!
�⇤(Ä>w), (14)

with Ä̂ predicted as described in Section 5.1. To complete the cal-
culation of gradients for the fair ranking model, the remaining
chain rule factor of line 7 is completed using the typical automatic
di�erentiation.

• Convex surrogate loss function which forms a convex  
upper-bounding function over .L
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ŷn
q

<latexit sha1_base64="gysYkniSo8AfBj+9JSX7Ur6LeQE="></latexit>

ŷ2
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ŷ�
q �w

Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)

subject to:
’
j
�i j = 1 8i 2 [n] (6b)
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).
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L (��(ŷq), �
�(yq))

<latexit sha1_base64="+r8MlzmYBQNDcsk3jZYfeIP7Lfg="></latexit>
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Figure 1: SPOFR. A single neural networks learns to predict item scores from individual feature vectors, which are used to
construct a linear objective function for the constrained program that produces a ranking policy.

Model 1 LP Computing the Fair Ranking Policy

�⇤(Ä̂q ) = argmax� Ä̂>q �w (6a)
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�̂iq (i = 1, . . . ,n). Combined, the predicted scores for query q are
denoted with Ä̂q and serve as the cost vector associated with the
optimization problem solved in the next phase.

5.2 Optimize: Optimal Fair Ranking Policies
The predicted relevance scores Ä̂q , combined with the constant po-
sition discount valuesw , can be used to form a linear function that
estimates the utility metric (DCG) of a ranking policy. Expressing
the utility metric as a linear function makes it possible to repre-
sent the optimization step of our end-to-end pipeline as a linear
program.

Linearity of the Utility Function. The following description
omits subscripts “q” for readability. The references below to ranking
policy � and relevance scores Ä are to be interpreted in relation to
an underlying query q.

Using the Birkho�–von Neumann decomposition [4], any n ⇥ n
doubly stochastic matrix �1 can be decomposed into a convex
combination of at most (n � 1)2 + 1 permutation matrices P (i), each
associated with a coe�cient µi  0, which can then represent
rankings � (i) under the interpretation w� (i ) = P (i)w . A ranking
policy is inferred from the set of resulting convex coe�cients µi ,
which sum to one, forming a discrete probability distribution: each

1A slight abuse of notation is used to refer to � as a matrix of marginal probabilities
encoding the homonyms ranking policy.

permutation has likelihood equal to its respective coe�cient

� =
(n�1)2+1’

i=1
µiP

(i). (7)

Next, note that any linear function on rankings can be formulated
as a linear function on their permutation matrices, which can then
be applied to any square matrix. In particular, applying the DCG
operator to a doubly stochastic matrix � results in the expected
DCG over rankings sampled from its inferred policy. Given item
relevance scores Ä:

E�⇠�DCG(� ,Ä) =
(n�1)2+1’

i=1
µi Ä

>P (i)w

= Ä> ©≠
´
(n�1)2+1’

i=1
µi P

(i)™Æ
¨
w = Ä>�w . (by Eq. (7))

The expected DCG of a ranking sampled from a ranking pol-
icy � can thus be represented as a linear function on �, which
serves as the objective function for Model 1 (see Equation (6a)).
This analytical evaluation of expected utility is key to optimizing
fairness-constrained ranking policies in an end-to-end manner.

Importantly, and in contrast to state-of-the art methods, this
approach does not require sampling from ranking policies during
training in order to evaluate ranking utilities. Sampling is only
required during deployment of the ranking model.

Ranking Policy Constraints. Note that, with respect to any such
linear objective function, the optimal fair ranking policy �⇤ can be
found by solving a linear program (LP). The linear programming
model for optimizing fair ranking DCG functions is presented in
Model 1, which follows the formulations presented in [16].

The ranking policy predicted by the SPOFR model takes the form
of a doubly stochastic n ⇥ n matrix �, in which �i j represents the
marginal probability that item i takes position j within the ranking.
The doubly stochastic form is enforced by equality constraints
which require each row and column of � to sum to 1. With respect
to row i , these constraints express that the likelihood of item i taking
any of n possible positions must be equal to 1 (Constraints (6b)).

In contrast to SoTA fair-LtR methods, this end-to-end solution does not require  
sampling from ranking policy during training in order to evaluate the ranking utilities.
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Figure 3: Fairness-Utility tradeo� for unweighted (left) and
merit-weighted (right) fairness on credit (top) and MSLR
(bottom) datasets.

samples, for MSLR dataset. These results show the same trends as
those reported above.

Fairness Parameter Search. Figure 3 shows the average DCG
vs average fairness disparity over the test set due to SPOFR, and
compares it with those attained by FULTR and DELTR. Each point
represents the performance of a single trained model, taken from a
grid-search over fairness parameters � (for SPOFR) and � (for FULTR
and DELTR) between the minimum and maximum values in Table
3. Darker colors represent more restrictive fairness parameters in
each case. Non-fairness hyperparameters take on the �nal values
shown also in Table 3, and each model speci�cation is repeated with
3 random seeds. Note that points on the grid which are lower on the
x-axis and higher on the y-axis represent results which are strictly
superior relative to others, as they represent a larger utility for
smaller fairness violations. Dashed lines represent the maximum
utility attainable in each case, computed by averaging over the test
set the maximum possible DCG associated to each relevance vector.

First, we observe that the expected fairness violations due to
SPOFR are much lower than the fairness levels guaranteed by the
listed fairness parameters � . This is because � is a bound on the
worst-case violation of fairness associated with any query, but
actual resulting fairness disparities are typically much lower on
average.

Second, the �gure shows that SPOFR attains a substantial im-
provement in utility over the baselines, while exhibiting more
consistent results across independently trained models. Note the
dashed line represents the theoretical maximum attainable utility;
remarkably, as the fairness parameter is relaxed, the DCG attained
by SPOFR converges very close to this value. Section 8 provides
theoretical motivation to explain these marked improvements in
performance.

Finally, notice that for FULTR and DELTR, large � values (darker
colors) should be associated with smaller fairness violations, com-
pared to models trained with smaller � values (lighter colors). How-
ever, this trend is not consistently observable: These results show
the challenge to attain a meaningful relationship between the fair-
ness penalizers � and the fairness violations in these state-of-the-art
fair LTR methods. A similar observation also pertains to utility; It
is expected that more permissive models in terms of fairness would
attain larger utilities; this trend is not consistent in the FULTR
and DELTR models. In contrast, the ability of the models learned
by SPOFR to guarantee satisfying the desired fairness violation
equip the resulting LTR models with much more interpretable and
consistent outcomes.

Query-level Guarantees. As discussed in Section 4, current fair
LTR methods apply a fairness violation term on average over all
training samples. Thus, disparities in favor of one group can cancel
out those in favor of another group leading to individual policies
that may not satisfy a desired fairness level. This section illustrates
on these behaviors and analyzes the fairness guarantees attained
by each model compared at the level of each individual query.

The results are summarized in Figure 4 which compares, SPOFR
with FULTR (top) and SPOFR with DELTR (bottom). Each bar repre-
sents the maximum expected DCG attained by a LTR model while
guaranteeing � -fairness at the query level for � as shown on the
x-axis. Since neither baseline method can satisfy � -fairness for ev-
ery query, con�dence levels are shown which correspond to the
percentage of queries within the test set that resulted in ranking
policies that satisfy delta-fairness. If no bar is shown at some fair-
ness level, it was satis�ed by no model at the given con�dence level.
Results were drawn from the same set of models analyzed in the
previous section.

Notably, SPOFR satis�es � -fairness with 100 percent con�dence
while also surpassing the baseline methods in terms of expected
utility. This is remarkable and is due partly to the fact that the
baseline methods can only be speci�ed to optimize for fairness
on average over all queries, which accomodates large query-level
fairness disparities when they are balanced in opposite directions;
i.e., in favor of opposite groups. In contrast SPOFR guarantees
the speci�ed fairness violation to be attained for ranking policies
associated with each individual query.

Multi-group Fairness. Finally, Figure 5 shows the fairness-utility
tradeo� curves attained by SPOFR for each number of groups be-
tween 2 and 7 on the MSLR dataset. Note the decrease in expected
DCG as the number of groups increases. This is not necessarily due
to a degradation in predictive capability from SPOFR; the expected
utility of any ranking policy necessarily decreases as fairness con-
straints are added. In fact, the expected utility converges for each
multi-group model as the allowed fairness gap increases. Because
this strict notion of multi-group fairness in LTR is uniquely possible
using SPOFR, no results from prior approaches are available for
direct comparison.

constrained-aware ML

penalty-based methods
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Figure 3: Fairness-Utility tradeo� for unweighted (left) and
merit-weighted (right) fairness on credit (top) and MSLR
(bottom) datasets.

samples, for MSLR dataset. These results show the same trends as
those reported above.

Fairness Parameter Search. Figure 3 shows the average DCG
vs average fairness disparity over the test set due to SPOFR, and
compares it with those attained by FULTR and DELTR. Each point
represents the performance of a single trained model, taken from a
grid-search over fairness parameters � (for SPOFR) and � (for FULTR
and DELTR) between the minimum and maximum values in Table
3. Darker colors represent more restrictive fairness parameters in
each case. Non-fairness hyperparameters take on the �nal values
shown also in Table 3, and each model speci�cation is repeated with
3 random seeds. Note that points on the grid which are lower on the
x-axis and higher on the y-axis represent results which are strictly
superior relative to others, as they represent a larger utility for
smaller fairness violations. Dashed lines represent the maximum
utility attainable in each case, computed by averaging over the test
set the maximum possible DCG associated to each relevance vector.

First, we observe that the expected fairness violations due to
SPOFR are much lower than the fairness levels guaranteed by the
listed fairness parameters � . This is because � is a bound on the
worst-case violation of fairness associated with any query, but
actual resulting fairness disparities are typically much lower on
average.

Second, the �gure shows that SPOFR attains a substantial im-
provement in utility over the baselines, while exhibiting more
consistent results across independently trained models. Note the
dashed line represents the theoretical maximum attainable utility;
remarkably, as the fairness parameter is relaxed, the DCG attained
by SPOFR converges very close to this value. Section 8 provides
theoretical motivation to explain these marked improvements in
performance.

Finally, notice that for FULTR and DELTR, large � values (darker
colors) should be associated with smaller fairness violations, com-
pared to models trained with smaller � values (lighter colors). How-
ever, this trend is not consistently observable: These results show
the challenge to attain a meaningful relationship between the fair-
ness penalizers � and the fairness violations in these state-of-the-art
fair LTR methods. A similar observation also pertains to utility; It
is expected that more permissive models in terms of fairness would
attain larger utilities; this trend is not consistent in the FULTR
and DELTR models. In contrast, the ability of the models learned
by SPOFR to guarantee satisfying the desired fairness violation
equip the resulting LTR models with much more interpretable and
consistent outcomes.

Query-level Guarantees. As discussed in Section 4, current fair
LTR methods apply a fairness violation term on average over all
training samples. Thus, disparities in favor of one group can cancel
out those in favor of another group leading to individual policies
that may not satisfy a desired fairness level. This section illustrates
on these behaviors and analyzes the fairness guarantees attained
by each model compared at the level of each individual query.

The results are summarized in Figure 4 which compares, SPOFR
with FULTR (top) and SPOFR with DELTR (bottom). Each bar repre-
sents the maximum expected DCG attained by a LTR model while
guaranteeing � -fairness at the query level for � as shown on the
x-axis. Since neither baseline method can satisfy � -fairness for ev-
ery query, con�dence levels are shown which correspond to the
percentage of queries within the test set that resulted in ranking
policies that satisfy delta-fairness. If no bar is shown at some fair-
ness level, it was satis�ed by no model at the given con�dence level.
Results were drawn from the same set of models analyzed in the
previous section.

Notably, SPOFR satis�es � -fairness with 100 percent con�dence
while also surpassing the baseline methods in terms of expected
utility. This is remarkable and is due partly to the fact that the
baseline methods can only be speci�ed to optimize for fairness
on average over all queries, which accomodates large query-level
fairness disparities when they are balanced in opposite directions;
i.e., in favor of opposite groups. In contrast SPOFR guarantees
the speci�ed fairness violation to be attained for ranking policies
associated with each individual query.

Multi-group Fairness. Finally, Figure 5 shows the fairness-utility
tradeo� curves attained by SPOFR for each number of groups be-
tween 2 and 7 on the MSLR dataset. Note the decrease in expected
DCG as the number of groups increases. This is not necessarily due
to a degradation in predictive capability from SPOFR; the expected
utility of any ranking policy necessarily decreases as fairness con-
straints are added. In fact, the expected utility converges for each
multi-group model as the allowed fairness gap increases. Because
this strict notion of multi-group fairness in LTR is uniquely possible
using SPOFR, no results from prior approaches are available for
direct comparison.
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• Ensemble learning aims at creating accurate and robust ML models by 
combining predictions from individual models. 

• Key challenge: to find effective ways to combine the individual predictors for any 
particular input sample.
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L(ŷ, y)

<latexit sha1_base64="6FDkRsIf4UsMb953VSgaEzUYkzY="></latexit>

backward pass

…

ensemble
prediction

unweighted
knapsack 
solution 

Di Vito et al IJCAI-23



Ferdinando Fioretto | University of  Virginia

End-to-end combinatorial ensemble learning
Knapsack layers for specialized ensembles

62

f1

<latexit sha1_base64="rgD4ps9vlGuclDfw87HtfPDYxbg="></latexit>

f2

<latexit sha1_base64="1e5Uz81EPHqr+dl0POwiDV+S1OQ="></latexit>

fn

<latexit sha1_base64="lF5iXDCxSNlZn4wxlu2EPGH0S8I="></latexit>

data samples

…

g✓

<latexit sha1_base64="jC0b9jXA07ux+x4ntvBjzfazG30="></latexit>

Ensemble 
agents
models

Selection net

agents
predictions

forward pass

argmax
b
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Figure 1: End-to-end Ensemble Learning scheme: Black and red arrows illustrate forward and backward operations, respectively.

lect better sub-ensembles to vote on its input samples. How-189

ever, note that subset selection and plurality voting are dis-190

crete operations, and in plain form do not offer useful gradi-191

ents for backpropagation and learning. The next sections dis-192

cuss further details of the e2e-CEL framework, including dif-193

ferentiable approximations for each step of the overall model.194

Figure 1 illustrates the e2e-CEL model and its training pro-195

cess in terms of its component operations. Backpropagation196

is shown with red arrows, and it only applies to the opera-197

tions downstream from the selection net g, since the e2e-CEL198

is parameterized by the parameters of g alone.199

4.1 Differentiable Model Selection200

The e2e-CEL system is based on learning to select k < n201

predictions from the master ensemble, given a set of input202

features. This can be done by way of a structured prediction203

of binary values, which are then used to mask the individual204

base learner predictions.205

Consider the unweighted knapsack problem

K(ĉ) = argmax
b

ĉ>b (4a)

subject to 1>b = k, (4b)
b 2 {0, 1}n, (4c)

which can be viewed as a selection problem whose optimal206

solution assigns the value 1 to the elements of b associated to207

the top k values of ĉ. Relaxing constraint (4c) to 0  b  1208

results in an equivalent linear program (LP) with discrete209

optimal solutions b 2 {0, 1}n, despite being both convex210

and composed of continuous functions. This useful property211

holds for any LP with totally unimodular constraints and in-212

teger right-side coefficients [Bazaraa et al., 2008].213

This optimization problem can be viewed as a mapping214

from ĉ to a binary vector indicating its top k values, and rep-215

resents thus a natural candidate for selection of the optimal216

sub-ensemble of size k given the individual base learners’217

predicted scores, seen as ĉ. However, the outputs of Problem218

(4) define a piecewise constant function, K(ĉ), which does 219

not admit readily informative gradients, posing challenges to 220

differentiability. For integration into the end-to-end learning 221

system, the function K(ĉ) must provide informative gradients 222

with respect to ĉ. In this work, this challenge is overcome by 223

smoothing K(ĉ) based on perturbing ĉ with random noise. 224

As observed by Berthet et al. [2020], any continuous, con- 225

vex linear programming problem can be used to define a dif- 226

ferentiable perturbed optimizer, which yields approximately 227

the same solutions but is differentiable with respect to its lin- 228

ear objective coefficients. Given a random noise variable Z 229

with probability density p(z) / exp (�v(z)) where v is a 230

twice differentiable function, 231

K(ĉ) = Ez⇠Z [K(ĉ+ ✏z)] , (5)
is a differentiable perturbed optimizer associated to K. The 232

temperature parameter ✏ > 0 controls the sensitivity of its 233

gradients (or properly, Jacobian matrix), which can itself be 234

represented by the expected value [Abernethy et al., 2016]: 235

@K(ĉ)

@ĉ
= Ez⇠Z

⇥
K(ĉ+ ✏z) v0(z)>

⇤
. (6)

In this work, Z is modeled as a standard Normal random 236

variable. While these expected values are analytically in- 237

tractable (due to the constrained argmax operator within the 238

knapsack problem K), they can be estimated to arbitrary pre- 239

cision by sampling in Monte Carlo fashion. This procedure is 240

a generalization of the Gumbel Max Trick [Gumbel, 1954]. 241

Note that simulating Equations (5) and (6) requires solving 242

Problem (4) for potentially many values of z. However, al- 243

though the theory of perturbed optimizers requires the under- 244

lying problem to be a linear program, only a blackbox imple- 245

mentation is required to produce K(ĉ) [Berthet et al., 2020], 246

allowing for an efficient algorithm to be used in place of a 247

(more costly) LP solver. The complexity of evaluating the 248

differentiable perturbed optimizer K(ĉ) is discussed next. 249

Theorem 1. The total computation required for solving 250

Problem (4) is O(n log k), where n and k are, respectively, 251

the ensemble and sub-ensembles sizes. 252
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@ĉ
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Figure 1: End-to-end Ensemble Learning scheme: Black and red arrows illustrate forward and backward operations, respectively.
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with respect to ĉ. In this work, this challenge is overcome by 223
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allowing for an efficient algorithm to be used in place of a 247

(more costly) LP solver. The complexity of evaluating the 248

differentiable perturbed optimizer K(ĉ) is discussed next. 249
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ĉ>b (4a)

subject to 1>b = k, (4b)
b 2 {0, 1}n, (4c)

which can be viewed as a selection problem whose optimal206

solution assigns the value 1 to the elements of b associated to207
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allowing for an efficient algorithm to be used in place of a 247

(more costly) LP solver. The complexity of evaluating the 248

differentiable perturbed optimizer K(ĉ) is discussed next. 249
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Figure 2: Comparison between e2e-CEL and other ensemble models at varying of the sub-ensemble size k on image classification–CIFAR10–
(top left), digit classification–MNIST–(top right), age estimation–UTKFace–(bottom left), and emotion detection–FER2013–(bottom right)
The (*) in the label identifies methods that use specialized aggregation rules for every input sample..

classification task and the image classification task, the e2e-507

CEL performs best when the sub-ensemble size is equal to508

the number of classes. In the remaining tasks, this observa-509

tion holds approximately. This is intuitive, since the num-510

ber of base learners specializing on any class is equal to the511

number of classes, and e2e-CEL is able to increase ensemble512

accuracy by learning to select these base learners for predic-513

tion.514

Finally, observe the accuracy of e2e-CEL in Table 3 (left)515

and the performance of the individual base learners predictors516

of the ensemble tested on both the labels in which their train-517

ing was specialized as well as the other labels. Note how e2e-518

CEL predictions outperform their constituent base learners by519

a wide margin on each task. For example, on UTKFace, the520

e2e-CEL ensemble reaches an accuracy 40 percentage points521

higher than its average constituent base learner. This illus-522

trates the ability of e2e-CEL to leverage the error diversity523

of base learners to form accurate classifiers by composing524

them based on input features, even when the individual base525

learner’s accuracies are poor.526

6 Conclusion527

This paper was motivated by the desire to overcome one of528

the key challenges in ensemble learning: the design of ef-529

fective rules to combine individual predictions for any partic-530

ular input sample. The proposed solution is the end-to-end 531

Combinatorial Ensemble Learning (e2e-CEL), a unique in- 532

tegration of constrained optimization and learning to derive 533

specialized consensus rules to compose accurate predictions 534

from a pretrained ensemble. 535

The e2e-CEL is motivated by the idea that well-selected 536

sub-ensembles can form more accurate predictions than their 537

master ensemble. It adaptively selects sub-ensembles accord- 538

ing to individual input samples. The paper shows how to 539

derive the ensemble learning task into a differentiable se- 540

lection program which is trained end-to-end within the en- 541

semble learning model. This approach allows e2e-CEL to 542

compose accurate classification models even from ensemble 543

base learners with low accuracy, a feature not shared by ex- 544

isting ensemble learning approaches. The results on standard 545

benchmarks demonstrate the ability of e2e-CEL to substan- 546

tially outperform state-of-the-art consensus algorithms in a 547

variety of settings. 548

This work demonstrates that the integration of constrained 549

optimization and machine learning models is a valuable 550

toolset for not only enhancing but also combining machine 551

learning models to improve performance on common tasks. 552

This is a promising area and this work hopes to motivate new 553

solutions where decision-focused learning may be used to im- 554

prove the capabilities of machine learning systems. 555
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Accuracy (%)
Dataset Specialized Complimentary Overall
MNIST 97.5 86.8 89.6

UTKFACE 93.2 25.2 51.2
FER2013 79.4 38.1 47.8
CIFAR10 76.3 24.8 31.1

Table 1: Specialized base learner model test accuracy

Note that, in each experiment, the base learner models’426

architecture design, hyperparameter selection, and training427

methods have not been chosen to fully optimize classification428

accuracy, which is not the direct goal of this work. Instead the429

base learners are have been choosen trained to maximize error430

diversity, and demonstrate the ability of e2e-CEL to leverage431

error diversity and compose highly accurate ensemble mod-432

els from far less accurate base learner models, in a way that is433

not shared by conventional aggregation rules. Note also that434

improving base learner model accuracies would, of course,435

tend to improve the accuracy of the resulting ensemble clas-436

sifiers. In each case, throughout this section, the e2e-CEL437

selection net is given the same CNN architecture as the base438

base learner models which form its ensemble.439

5.1 Datasets and Settings440

For each task, the base learners are trained to specialize in441

classifying a particular class, which allows the selection pro-442

gram to leverage their error diversity. Additional details about443

the base learners’ models and the dataset split can be found444

in the Appendix section B.445

Digit classification. MNIST is a 28x28 pixel greyscale im-446

ages of handwritten digits dataset, which contains 60000 im-447

ages for training and 10000 images for testing. The ensemble448

consists of 55 base learners, 10 of which specialize on 1 class449

and
�10
2

�
= 45 of which specialize on 2 classes.450

Image classification. CIFAR10 is a 32x32 pixel color im-451

ages datasetin 10 classes: airplanes, cars, birds, cats, deer,452

dogs, frogs, horses, ships, and trucks. It contains 6000 im-453

ages of each class. The ensemble consists of 55 base learn-454

ers, 10 of which specialize on 1 class and
�10
2

�
= 45 of which455

specialize on 2 classes.456

Age estimation. UTKFace is a face images dataset which457

consists of over 20000 samples and different version of im-458

ages format. Here, about 9700 cropped and aligned images459

are split in 5 classes: baby (up to 5 years old), teenager (up to460

19), young (up to 33), adult (up to 56) and senior (more than461

56 years old). The classes are not uniformly distributed per462

number of ages, but each class contains the same number of463

samples. The goal is to estimate the person age given the face464

image. The ensemble consists of 15 base learners, 5 of which465

specialize on 1 class and
�5
2

�
= 10 on 2 classes.466

Emotion detection. Fer2013 is a dataset of over 30000467

48x48 pixel grayscale face images, which are grouped in 7468

classes: angry, disgust, fear, happy, neutral, sad and surprises.469

The goal is to categorize the emotion shown in the facial ex-470

pression into one category. The ensemble consists of 21 base471

Accuracy (%)
Dataset e2e-CEL SL UA PV RS
MNIST 98.55 96.88 96.81 95.99 96.83

UTKFACE 90.97 85.07 84.60 80.78 84.60
FER2013 66.31 64.95 63.89 63.15 63.89
CIFAR10 64.09 60.13 60.59 60.35 60.59

Table 2: e2e-CEL vs super learner (SL), unweighted average (UA),
plurality voting (MV), and random selection (RS), using specialized
base learners.

learners, 7 of which specialize on 1 class and
�7
2

�
= 21 of 472

which specialize on 2 classes. 473

5.2 e2e-CEL Analysis 474

The e2e-CEL strategy is tested on each experimental task for 475

sub-ensemble size k varying between 1 and n, and compared 476

to the baseline methods described above. Note in each case 477

that accuracy is defined as the percentage of correctly classi- 478

fied samples over the master test set. 479

Table 2 reports the best accuracy over all the ensemble 480

sizes k of ensembles trained by e2e-CEL along with that of 481

each baseline ensemble model, where each are formed using 482

the same pre-trained base learners. Note how the proposed 483

e2e-CEL scheme outperforms all the baseline methods, in 484

each task, for all but the lowest values of k. 485

Figure 2 reports the test accuracy found by e2e-CEL and 486

ensembles based on the Super Learner scheme, a weighted 487

average, majority voting, or random selection scheme. We 488

make two key observations: (1) Note from each subplot in 489

Figure 2 that smart ensembles of size k > 1 provide more ac- 490

curate predictions than baseline models that randomly select 491

sub-ensembles of the same size, a trend that diminishes as k 492

increases and base learner selections have less consequence 493

(the two perform equally when k = n). (2) In every case, the 494

sub-ensemble size which results in optimal performance is 495

strictly between 1 and n. Importantly, this illustrates the mo- 496

tivating intuition of the e2e-CEL ensemble training. Neither 497

the full ensemble (k = n), nor smart selection of a single base 498

learner model (k = 1) can outperform models that use smart 499

selection of a sub-ensemble of any size. A well-selected sub- 500

ensemble has higher potential accuracy than the master en- 501

semble, and is, on average, more reliable than a well-selected 502

single base learner. 503

Accuracy (%)
Dataset Classes Best k e2e-CEL Individual base learners
MNIST 10 10 98.55 89.6

UTKFACE 5 7 90.97 51.2
FER2013 7 13 66.31 47.8
CIFAR10 10 10 64.09 31.1

Table 3: Left: Best ensemble size (Best k) and associated e2e-CEL
test accuracy attained on each dataset. Right: Average accuracy for
the constituent ensemble base learners.

Next, Table 3 (left) reports the accuracy of the e2e-CEL 504

model trained on each task, along with the sub-ensemble size 505

that resulted in highest accuracy. In two cases, for the digit 506

Summary: Selecting embedding 
through an end-to-end 
integration of a combinatorial 
optimization problem in the ML 
model brings large accuracy 
gains.

The learning task learns to 
maximize utility associated with 
each sample independently

End-to-end combinatorial ensemble learning
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the backward pass of an unrolled optimizer. (2) Building on
this analysis, it proposes a system for generating analytically
differentiable optimizers from unrolled implementations, ac-
companied by a Python library called fold-opt to facilitate
automation. (3) Its effectiveness is evaluated on a diverse set
of end-to-end optimization and learning tasks, demonstrat-
ing efficiency and modeling advantages compared to current
differentiable optimization approaches. Importantly, we re-
port the first demonstration of decision-focused learning with
nonconvex decision models.

2 Setting and Goals

In this paper, the goal is to differentiate mappings that are
defined as the solution to an optimization problem. Consider
the parameterized problem (1) which defines an optimization
mapping from a vector of parameters c 2 Rp to its associated
optimal solution x?(c) 2 Rn:

x?(c) = argmin
x

f(x, c) (1a)

subject to: g(x, c)  0, (1b)
h(x, c) = 0, (1c)

in which f is the objective function, and g and h are vector-
valued functions capturing the inequality and equality con-
straints of the problem, respectively. It is assumed throughout
that for any c, the associated optimal solution x?(c) can be
found by conventional solution methods, within some toler-
ance in solver error. This coincides with the “forward pass” of
the mapping in a neural network. The primary challenge is

to compute its backward pass, which amounts to finding the
Jacobian matrix of partial derivatives @x?(c)

@c .
The parameters c can be thought of as a prediction from

previous layers of a neural network, or as learnable parameters
of the problem (1), analogous to the weights of a linear layer,
or as some combination of both. In any case, @x?(c)

@c is required
to backpropagate gradients from a downstream loss function
to the underlying parameters of the machine learning model.
Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.
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Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.
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the backward pass of an unrolled optimizer. (2) Building on
this analysis, it proposes a system for generating analytically
differentiable optimizers from unrolled implementations, ac-
companied by a Python library called fold-opt to facilitate
automation. (3) Its effectiveness is evaluated on a diverse set
of end-to-end optimization and learning tasks, demonstrat-
ing efficiency and modeling advantages compared to current
differentiable optimization approaches. Importantly, we re-
port the first demonstration of decision-focused learning with
nonconvex decision models.

2 Setting and Goals

In this paper, the goal is to differentiate mappings that are
defined as the solution to an optimization problem. Consider
the parameterized problem (1) which defines an optimization
mapping from a vector of parameters c 2 Rp to its associated
optimal solution x?(c) 2 Rn:

x?(c) = argmin
x

f(x, c) (1a)

subject to: g(x, c)  0, (1b)
h(x, c) = 0, (1c)

in which f is the objective function, and g and h are vector-
valued functions capturing the inequality and equality con-
straints of the problem, respectively. It is assumed throughout
that for any c, the associated optimal solution x?(c) can be
found by conventional solution methods, within some toler-
ance in solver error. This coincides with the “forward pass” of
the mapping in a neural network. The primary challenge is

to compute its backward pass, which amounts to finding the
Jacobian matrix of partial derivatives @x?(c)

@c .
The parameters c can be thought of as a prediction from

previous layers of a neural network, or as learnable parameters
of the problem (1), analogous to the weights of a linear layer,
or as some combination of both. In any case, @x?(c)

@c is required
to backpropagate gradients from a downstream loss function
to the underlying parameters of the machine learning model.
Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.

the backward pass of an unrolled optimizer. (2) Building on
this analysis, it proposes a system for generating analytically
differentiable optimizers from unrolled implementations, ac-
companied by a Python library called fold-opt to facilitate
automation. (3) Its effectiveness is evaluated on a diverse set
of end-to-end optimization and learning tasks, demonstrat-
ing efficiency and modeling advantages compared to current
differentiable optimization approaches. Importantly, we re-
port the first demonstration of decision-focused learning with
nonconvex decision models.

2 Setting and Goals

In this paper, the goal is to differentiate mappings that are
defined as the solution to an optimization problem. Consider
the parameterized problem (1) which defines an optimization
mapping from a vector of parameters c 2 Rp to its associated
optimal solution x?(c) 2 Rn:

x?(c) = argmin
x

f(x, c) (1a)

subject to: g(x, c)  0, (1b)
h(x, c) = 0, (1c)

in which f is the objective function, and g and h are vector-
valued functions capturing the inequality and equality con-
straints of the problem, respectively. It is assumed throughout
that for any c, the associated optimal solution x?(c) can be
found by conventional solution methods, within some toler-
ance in solver error. This coincides with the “forward pass” of
the mapping in a neural network. The primary challenge is

to compute its backward pass, which amounts to finding the
Jacobian matrix of partial derivatives @x?(c)

@c .
The parameters c can be thought of as a prediction from

previous layers of a neural network, or as learnable parameters
of the problem (1), analogous to the weights of a linear layer,
or as some combination of both. In any case, @x?(c)

@c is required
to backpropagate gradients from a downstream loss function
to the underlying parameters of the machine learning model.
Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.
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the backward pass of an unrolled optimizer. (2) Building on
this analysis, it proposes a system for generating analytically
differentiable optimizers from unrolled implementations, ac-
companied by a Python library called fold-opt to facilitate
automation. (3) Its effectiveness is evaluated on a diverse set
of end-to-end optimization and learning tasks, demonstrat-
ing efficiency and modeling advantages compared to current
differentiable optimization approaches. Importantly, we re-
port the first demonstration of decision-focused learning with
nonconvex decision models.

2 Setting and Goals

In this paper, the goal is to differentiate mappings that are
defined as the solution to an optimization problem. Consider
the parameterized problem (1) which defines an optimization
mapping from a vector of parameters c 2 Rp to its associated
optimal solution x?(c) 2 Rn:

x?(c) = argmin
x

f(x, c) (1a)

subject to: g(x, c)  0, (1b)
h(x, c) = 0, (1c)

in which f is the objective function, and g and h are vector-
valued functions capturing the inequality and equality con-
straints of the problem, respectively. It is assumed throughout
that for any c, the associated optimal solution x?(c) can be
found by conventional solution methods, within some toler-
ance in solver error. This coincides with the “forward pass” of
the mapping in a neural network. The primary challenge is

to compute its backward pass, which amounts to finding the
Jacobian matrix of partial derivatives @x?(c)

@c .
The parameters c can be thought of as a prediction from

previous layers of a neural network, or as learnable parameters
of the problem (1), analogous to the weights of a linear layer,
or as some combination of both. In any case, @x?(c)

@c is required
to backpropagate gradients from a downstream loss function
to the underlying parameters of the machine learning model.
Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.

the backward pass of an unrolled optimizer. (2) Building on
this analysis, it proposes a system for generating analytically
differentiable optimizers from unrolled implementations, ac-
companied by a Python library called fold-opt to facilitate
automation. (3) Its effectiveness is evaluated on a diverse set
of end-to-end optimization and learning tasks, demonstrat-
ing efficiency and modeling advantages compared to current
differentiable optimization approaches. Importantly, we re-
port the first demonstration of decision-focused learning with
nonconvex decision models.

2 Setting and Goals

In this paper, the goal is to differentiate mappings that are
defined as the solution to an optimization problem. Consider
the parameterized problem (1) which defines an optimization
mapping from a vector of parameters c 2 Rp to its associated
optimal solution x?(c) 2 Rn:

x?(c) = argmin
x

f(x, c) (1a)

subject to: g(x, c)  0, (1b)
h(x, c) = 0, (1c)

in which f is the objective function, and g and h are vector-
valued functions capturing the inequality and equality con-
straints of the problem, respectively. It is assumed throughout
that for any c, the associated optimal solution x?(c) can be
found by conventional solution methods, within some toler-
ance in solver error. This coincides with the “forward pass” of
the mapping in a neural network. The primary challenge is

to compute its backward pass, which amounts to finding the
Jacobian matrix of partial derivatives @x?(c)

@c .
The parameters c can be thought of as a prediction from

previous layers of a neural network, or as learnable parameters
of the problem (1), analogous to the weights of a linear layer,
or as some combination of both. In any case, @x?(c)

@c is required
to backpropagate gradients from a downstream loss function
to the underlying parameters of the machine learning model.
Backpropagation. Backpropagation is the calculation of
gradients from a downstream loss function L to the param-
eters of a learning model. The primary goal of this paper
is backpropagation through the function x?(c), as defined
in Problem (1). The Jacobian matrix of the vector-valued
function x?(c) : Rp

! Rn is a matrix @x?

@c in Rn⇥p, whose
elements at (i, j) are the partial derivatives @x?

i (c)
@cj

. Backpropa-

gation through x?(c) amounts to computing @L
@c given @x?(c)

@c ,
and can be performed by finding the Jacobian-vector product

@L

@c
=

@L

@x?
·
@x?(c)

@c
. (2)

In deep learning, backpropagation is typically accomplished
through automatic differentiation (AD), which propagates gra-
dients from the loss function through the arithmetic operations
and low-level functions of a deep model by repeatedly apply-
ing the multivariate chain rule. This requires a record of all
the operations performed during the forward pass and their
dependencies, known as the computational graph.

Figure 1: Compared to unrolling, unfolding requires fewer oper-
ations on the computational graph by replacing inner loops with
Jacobian-vector products. Fixed-point folding models the unfolding
analytically, allowing for blackbox optimization implementations.

3 From Unrolling to Unfolding

By unrolling, which performs each arithmetic operation of an
optimization algorithm on the computational graph, optimiza-
tions can be backpropagated without explicitly representing
their Jacobians. However, these graphs can become very large
after many iterations. The strategy taken in this paper for back-
propagation through the function x?(c), as in unrolling, is to
backpropagate through the steps of an optimizer which solves
Problem (1). However, we begin by proposing a variation
on unrolling in which the optimizer steps are grouped into
subroutines that can be differentiated analytically.

This paper considers iterative optimization algorithms,
which refine an initial starting point x0 by repeated appli-
cation of an update routine, which we view as a function.
For optimization variables x 2 Rn, the update function is a
vector-valued function U : Rn

! Rn:

xk+1(c) = U(xk(c), c). (U)

and the iteration (U) converges if xk(c) ! x?(c) as k ! 1.
Evaluating the update function U may also require the use

of optimization algorithms that are difficult to differentiate.
In such cases, a full unrolling of (U) would involve unrolling
each inner algorithm used in the evaluation of U . However, if
the Jacobians of U can be modeled analytically, it is possible to
avoid unrolling each evaluation of U by modeling its backward
pass with a Jacobian-vector product instead (see Equation (2)).
Then, only the outer iterations (U) need to be unrolled.

This type of partial unrolling, which allows for backpropa-
gating large segments of computation at a time by leveraging
analytically differentiated subroutines, is referred to as unfold-

ing. It is made possible by the fact that U is often easier to
differentiate than the overall optimization mapping x?(c).

There are two main advantages of unfolding over unrolling:
(1) Analytical differentiation of U allows for removal of the
inner loops of unrolling, greatly reducing the total number
of unrolled operations as depicted in Figure 1, which shows
forward pass steps in red with their corresponding backward
passes in blue. More importantly, (2) unfolded optimizers can
be converted to analytically differentiated ones by the method
proposed in the next sections. Thus, unfolding will be an in-
termediate step in a system for converting unrolled optimizers
to analytically differentiated optimization mappings.

Only the outer iterations 
need to be unrolled
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Figure 3: Forward and backward pass error in unfolding PGD

4 Unfolding at a Fixed-Point

In the previous section, unfolded optimization was introduced
as a variation of unrolling in which the inner iterative subrou-
tines are differentiated analytically, while the outer iteration of
(U) is still “unrolled”. Next, it will be demonstrated that this
outer unrolling can be replaced with a simple linear system
of equations, which model the Jacobians of the overall opti-
mization mapping x?(c). Additionally, it will be shown that
unfolding (U) is computationally equivalent to solving this
linear system using a well-known iterative method. By model-
ing the unfolding process in closed form, it will be possible to
solve the resulting linear model using improved methods.

Optimization procedures of the form (U) generally require
a starting point x0, which is often chosen arbitrarily, since
forward-pass convergence xk ! x? is guaranteed regardless
of starting point. It is natural to then ask how the choice of x0

affects the convergence of the backward pass.
Definition 2. Suppose that an unfolded iteration (U) produces

a convergent sequence of solution iterates limk!1xk = x?

in its forward pass. Then convergence of the backward pass is

limk!1
@xk

@c
(c) =

@x?

@c
(c). (8)

Effect of the starting point on backpropagation. Con-
sider the optimization mapping (19) which maps feature em-
beddings to smooth top-k class predictions, and will be used
to learn multilabel classification later in Section 6. A loss
function L targets ground-truth top-k indicators, and the result
of the backward pass is the gradient @L

@c . To evaluate back-
ward pass convergence in unfolding of this optimization, we
measure the relative L1 errors of the forward and backward
passes w.r.t. the equivalent result at full convergence. We con-
sider two starting points: the precomputed optimal solution
xa
0 = x?, and a uniform random vector xb

0 = ⌘ ⇠ U(0, 1).
The former case is illustrated in Figure 2, in which xk remains
stationary at each step.

Figure 3 reports the errors of the forward and backward pass
at each iteration of the unfolded PGD under these two starting
points. The figure shows that when starting the unfolding from
the precomputed optimal solution xa

0 the forward pass error
remains within error tolerance to zero. This is because x?(c)=
U(x?(c), c) is a fixed-point of (U). Interestingly though, the
backward pass also converges, but at a slightly faster rate than
when starting from a random vector xb

0.

Next, we show that this phenomenon holds in general: when
an unfolded optimizer is iterated at a precomputed optimal
solution, its backward pass converges. The proof elucidates
a connection between unrolling and analytical differentiation
of the fixed-point conditions of the iteration (U). First, some
practical remarks on unfolding at the precomputed optimum.

Fixed-Point Unfolding: Forward Pass

Notice that using a precomputed optimum for unfolding is not
the most efficient method, as it requires solving the optimiza-
tion problem to completion before unfolding, which requires
its own additional solver iterations (U). However, since the
optimal solution x? is a fixed-point of the iteration (U), all
iterations will result in xk = x?. Furthermore, since x? is
already known and U(x?) = x?, there is no need to evaluate
the forward pass of U at each unfolded iteration, including any
associated inner optimization problems.

This means that the forward optimization step of the map-
ping c ! x?(c) can be implemented as a blackbox software,
using any solver algorithm, without the need for it to be the
same as the algorithm used for backpropagation. This enables
the use of highly optimized solvers, such as Gurobi, and is
a major advantage over other solvers such as cvxpy, which
requires conversion of any problem to a convex cone program
before solving it with a specialized operator-splitting solver,
rendering it inefficient for many optimization problems.

Fixed-Point Unfolding: Backward Pass

Notice also that the backward pass of a fixed-point unfolding
of (U) does need to be computed, as seen in Figure 3, to
produce gradients for backpropagation. However, since the
xk are fixed at each iteration, so is the associated Jacobian
operator @U(xk)

@xk
= @U(x?)

@x? , used to model the backward pass
of the update function U . Therefore the calculation of this
Jacobian need be performed only once. What then remains
is only to iterate this backward pass until convergence to an
accurate gradient of x?(c); we will show that this is equivalent
to the algorithm (LFPI) of the following Lemma, which we
call Linear Fixed-Point Iteration.
Lemma 1 (Quarteroni et al. [2010]). Let B 2 Rn⇥n

and

b 2 Rn
. For any z0 2 Rn

, the iteration

zk+1 = Bzk + b (LFPI)

converges to the solution z of the linear system z = Bz+ b
whenever B is nonsingular and has spectral radius ⇢(B) < 1.

Furthermore, the asymptotic convergence rate for zk ! z is

� log ⇢(B). (9)

LFPI is a foundational iterative linear system solver, and can be
applied to any linear system Ax=b by rearranging z=Bz+b
and identifying A=I�B. To proceed, we derive an analytical
model for the desired gradients @x?

@c (c). Consider the fixed-
point conditions of the iteration (U), assuming xk ! x?:

x?(c) = U(x?(c), c) (FP)

Differentiating (FP) with respect to c,
@x?

@c
(c) =

@U

@x?
(x?(c), c)

| {z }
�

·
@x?

@c
(c) +
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4 Unfolding at a Fixed-Point

In the previous section, unfolded optimization was introduced
as a variation of unrolling in which the inner iterative subrou-
tines are differentiated analytically, while the outer iteration of
(U) is still “unrolled”. Next, it will be demonstrated that this
outer unrolling can be replaced with a simple linear system
of equations, which model the Jacobians of the overall opti-
mization mapping x?(c). Additionally, it will be shown that
unfolding (U) is computationally equivalent to solving this
linear system using a well-known iterative method. By model-
ing the unfolding process in closed form, it will be possible to
solve the resulting linear model using improved methods.

Optimization procedures of the form (U) generally require
a starting point x0, which is often chosen arbitrarily, since
forward-pass convergence xk ! x? is guaranteed regardless
of starting point. It is natural to then ask how the choice of x0

affects the convergence of the backward pass.
Definition 2. Suppose that an unfolded iteration (U) produces

a convergent sequence of solution iterates limk!1xk = x?

in its forward pass. Then convergence of the backward pass is

limk!1
@xk

@c
(c) =

@x?

@c
(c). (8)

Effect of the starting point on backpropagation. Con-
sider the optimization mapping (19) which maps feature em-
beddings to smooth top-k class predictions, and will be used
to learn multilabel classification later in Section 6. A loss
function L targets ground-truth top-k indicators, and the result
of the backward pass is the gradient @L

@c . To evaluate back-
ward pass convergence in unfolding of this optimization, we
measure the relative L1 errors of the forward and backward
passes w.r.t. the equivalent result at full convergence. We con-
sider two starting points: the precomputed optimal solution
xa
0 = x?, and a uniform random vector xb

0 = ⌘ ⇠ U(0, 1).
The former case is illustrated in Figure 2, in which xk remains
stationary at each step.

Figure 3 reports the errors of the forward and backward pass
at each iteration of the unfolded PGD under these two starting
points. The figure shows that when starting the unfolding from
the precomputed optimal solution xa

0 the forward pass error
remains within error tolerance to zero. This is because x?(c)=
U(x?(c), c) is a fixed-point of (U). Interestingly though, the
backward pass also converges, but at a slightly faster rate than
when starting from a random vector xb

0.

Next, we show that this phenomenon holds in general: when
an unfolded optimizer is iterated at a precomputed optimal
solution, its backward pass converges. The proof elucidates
a connection between unrolling and analytical differentiation
of the fixed-point conditions of the iteration (U). First, some
practical remarks on unfolding at the precomputed optimum.

Fixed-Point Unfolding: Forward Pass

Notice that using a precomputed optimum for unfolding is not
the most efficient method, as it requires solving the optimiza-
tion problem to completion before unfolding, which requires
its own additional solver iterations (U). However, since the
optimal solution x? is a fixed-point of the iteration (U), all
iterations will result in xk = x?. Furthermore, since x? is
already known and U(x?) = x?, there is no need to evaluate
the forward pass of U at each unfolded iteration, including any
associated inner optimization problems.

This means that the forward optimization step of the map-
ping c ! x?(c) can be implemented as a blackbox software,
using any solver algorithm, without the need for it to be the
same as the algorithm used for backpropagation. This enables
the use of highly optimized solvers, such as Gurobi, and is
a major advantage over other solvers such as cvxpy, which
requires conversion of any problem to a convex cone program
before solving it with a specialized operator-splitting solver,
rendering it inefficient for many optimization problems.

Fixed-Point Unfolding: Backward Pass

Notice also that the backward pass of a fixed-point unfolding
of (U) does need to be computed, as seen in Figure 3, to
produce gradients for backpropagation. However, since the
xk are fixed at each iteration, so is the associated Jacobian
operator @U(xk)

@xk
= @U(x?)

@x? , used to model the backward pass
of the update function U . Therefore the calculation of this
Jacobian need be performed only once. What then remains
is only to iterate this backward pass until convergence to an
accurate gradient of x?(c); we will show that this is equivalent
to the algorithm (LFPI) of the following Lemma, which we
call Linear Fixed-Point Iteration.
Lemma 1 (Quarteroni et al. [2010]). Let B 2 Rn⇥n

and

b 2 Rn
. For any z0 2 Rn

, the iteration

zk+1 = Bzk + b (LFPI)

converges to the solution z of the linear system z = Bz+ b
whenever B is nonsingular and has spectral radius ⇢(B) < 1.

Furthermore, the asymptotic convergence rate for zk ! z is

� log ⇢(B). (9)

LFPI is a foundational iterative linear system solver, and can be
applied to any linear system Ax=b by rearranging z=Bz+b
and identifying A=I�B. To proceed, we derive an analytical
model for the desired gradients @x?

@c (c). Consider the fixed-
point conditions of the iteration (U), assuming xk ! x?:

x?(c) = U(x?(c), c) (FP)

Differentiating (FP) with respect to c,
@x?
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• We can unfold all the forward pass! 

• Optimizing an iterative procedure,  
generally requires a starting point .  

• Convergence of the forward pass is 
guaranteed regardless of the nature of .  
How about the backward pass? 

• When an unfolded optimizer is iterated at a 
precomputed optimal solution , the 
backward pass converges, but at its own rate.
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4 Unfolding at a Fixed-Point

In the previous section, unfolded optimization was introduced
as a variation of unrolling in which the inner iterative subrou-
tines are differentiated analytically, while the outer iteration of
(U) is still “unrolled”. Next, it will be demonstrated that this
outer unrolling can be replaced with a simple linear system
of equations, which model the Jacobians of the overall opti-
mization mapping x?(c). Additionally, it will be shown that
unfolding (U) is computationally equivalent to solving this
linear system using a well-known iterative method. By model-
ing the unfolding process in closed form, it will be possible to
solve the resulting linear model using improved methods.

Optimization procedures of the form (U) generally require
a starting point x0, which is often chosen arbitrarily, since
forward-pass convergence xk ! x? is guaranteed regardless
of starting point. It is natural to then ask how the choice of x0

affects the convergence of the backward pass.
Definition 2. Suppose that an unfolded iteration (U) produces

a convergent sequence of solution iterates limk!1xk = x?

in its forward pass. Then convergence of the backward pass is

limk!1
@xk

@c
(c) =

@x?

@c
(c). (8)

Effect of the starting point on backpropagation. Con-
sider the optimization mapping (19) which maps feature em-
beddings to smooth top-k class predictions, and will be used
to learn multilabel classification later in Section 6. A loss
function L targets ground-truth top-k indicators, and the result
of the backward pass is the gradient @L

@c . To evaluate back-
ward pass convergence in unfolding of this optimization, we
measure the relative L1 errors of the forward and backward
passes w.r.t. the equivalent result at full convergence. We con-
sider two starting points: the precomputed optimal solution
xa
0 = x?, and a uniform random vector xb

0 = ⌘ ⇠ U(0, 1).
The former case is illustrated in Figure 2, in which xk remains
stationary at each step.

Figure 3 reports the errors of the forward and backward pass
at each iteration of the unfolded PGD under these two starting
points. The figure shows that when starting the unfolding from
the precomputed optimal solution xa

0 the forward pass error
remains within error tolerance to zero. This is because x?(c)=
U(x?(c), c) is a fixed-point of (U). Interestingly though, the
backward pass also converges, but at a slightly faster rate than
when starting from a random vector xb

0.

Next, we show that this phenomenon holds in general: when
an unfolded optimizer is iterated at a precomputed optimal
solution, its backward pass converges. The proof elucidates
a connection between unrolling and analytical differentiation
of the fixed-point conditions of the iteration (U). First, some
practical remarks on unfolding at the precomputed optimum.

Fixed-Point Unfolding: Forward Pass

Notice that using a precomputed optimum for unfolding is not
the most efficient method, as it requires solving the optimiza-
tion problem to completion before unfolding, which requires
its own additional solver iterations (U). However, since the
optimal solution x? is a fixed-point of the iteration (U), all
iterations will result in xk = x?. Furthermore, since x? is
already known and U(x?) = x?, there is no need to evaluate
the forward pass of U at each unfolded iteration, including any
associated inner optimization problems.

This means that the forward optimization step of the map-
ping c ! x?(c) can be implemented as a blackbox software,
using any solver algorithm, without the need for it to be the
same as the algorithm used for backpropagation. This enables
the use of highly optimized solvers, such as Gurobi, and is
a major advantage over other solvers such as cvxpy, which
requires conversion of any problem to a convex cone program
before solving it with a specialized operator-splitting solver,
rendering it inefficient for many optimization problems.

Fixed-Point Unfolding: Backward Pass

Notice also that the backward pass of a fixed-point unfolding
of (U) does need to be computed, as seen in Figure 3, to
produce gradients for backpropagation. However, since the
xk are fixed at each iteration, so is the associated Jacobian
operator @U(xk)

@xk
= @U(x?)

@x? , used to model the backward pass
of the update function U . Therefore the calculation of this
Jacobian need be performed only once. What then remains
is only to iterate this backward pass until convergence to an
accurate gradient of x?(c); we will show that this is equivalent
to the algorithm (LFPI) of the following Lemma, which we
call Linear Fixed-Point Iteration.
Lemma 1 (Quarteroni et al. [2010]). Let B 2 Rn⇥n

and

b 2 Rn
. For any z0 2 Rn

, the iteration

zk+1 = Bzk + b (LFPI)

converges to the solution z of the linear system z = Bz+ b
whenever B is nonsingular and has spectral radius ⇢(B) < 1.

Furthermore, the asymptotic convergence rate for zk ! z is

� log ⇢(B). (9)

LFPI is a foundational iterative linear system solver, and can be
applied to any linear system Ax=b by rearranging z=Bz+b
and identifying A=I�B. To proceed, we derive an analytical
model for the desired gradients @x?

@c (c). Consider the fixed-
point conditions of the iteration (U), assuming xk ! x?:

x?(c) = U(x?(c), c) (FP)

Differentiating (FP) with respect to c,
@x?
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@U

@x?
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Using Polyex Potential Decay

In the figure on the left, we compare the convergence using Polyex Potential Decay (cyan and green) to 
convergence using a constant alpha value (blue and red), both initialized to 0.5. In the figure on the left, 
both alphas are decaying, but a stopping condition has been used to prevent alpha from decaying 
indefinitely. This occurrs around the 20th iteration, at which point the red and green lines diverge.

• We can unfold all the forward pass! 

• Optimizing an iterative procedure,  
generally requires a starting point .  

• Convergence of the forward pass is 
guaranteed regardless of the nature of .  
How about the backward pass? 

• When an unfolded optimizer is iterated at a 
precomputed optimal solution , the 
backward pass converges, but at its own rate.
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gradients for backdrop.  

• However, since the iterates  are all fixed, so 
is their associated Jacobian  
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4 Unfolding at a Fixed-Point

In the previous section, unfolded optimization was introduced
as a variation of unrolling in which the inner iterative subrou-
tines are differentiated analytically, while the outer iteration of
(U) is still “unrolled”. Next, it will be demonstrated that this
outer unrolling can be replaced with a simple linear system
of equations, which model the Jacobians of the overall opti-
mization mapping x?(c). Additionally, it will be shown that
unfolding (U) is computationally equivalent to solving this
linear system using a well-known iterative method. By model-
ing the unfolding process in closed form, it will be possible to
solve the resulting linear model using improved methods.

Optimization procedures of the form (U) generally require
a starting point x0, which is often chosen arbitrarily, since
forward-pass convergence xk ! x? is guaranteed regardless
of starting point. It is natural to then ask how the choice of x0

affects the convergence of the backward pass.
Definition 2. Suppose that an unfolded iteration (U) produces

a convergent sequence of solution iterates limk!1xk = x?

in its forward pass. Then convergence of the backward pass is

limk!1
@xk

@c
(c) =

@x?

@c
(c). (8)

Effect of the starting point on backpropagation. Con-
sider the optimization mapping (19) which maps feature em-
beddings to smooth top-k class predictions, and will be used
to learn multilabel classification later in Section 6. A loss
function L targets ground-truth top-k indicators, and the result
of the backward pass is the gradient @L

@c . To evaluate back-
ward pass convergence in unfolding of this optimization, we
measure the relative L1 errors of the forward and backward
passes w.r.t. the equivalent result at full convergence. We con-
sider two starting points: the precomputed optimal solution
xa
0 = x?, and a uniform random vector xb

0 = ⌘ ⇠ U(0, 1).
The former case is illustrated in Figure 2, in which xk remains
stationary at each step.

Figure 3 reports the errors of the forward and backward pass
at each iteration of the unfolded PGD under these two starting
points. The figure shows that when starting the unfolding from
the precomputed optimal solution xa

0 the forward pass error
remains within error tolerance to zero. This is because x?(c)=
U(x?(c), c) is a fixed-point of (U). Interestingly though, the
backward pass also converges, but at a slightly faster rate than
when starting from a random vector xb

0.

Next, we show that this phenomenon holds in general: when
an unfolded optimizer is iterated at a precomputed optimal
solution, its backward pass converges. The proof elucidates
a connection between unrolling and analytical differentiation
of the fixed-point conditions of the iteration (U). First, some
practical remarks on unfolding at the precomputed optimum.

Fixed-Point Unfolding: Forward Pass

Notice that using a precomputed optimum for unfolding is not
the most efficient method, as it requires solving the optimiza-
tion problem to completion before unfolding, which requires
its own additional solver iterations (U). However, since the
optimal solution x? is a fixed-point of the iteration (U), all
iterations will result in xk = x?. Furthermore, since x? is
already known and U(x?) = x?, there is no need to evaluate
the forward pass of U at each unfolded iteration, including any
associated inner optimization problems.

This means that the forward optimization step of the map-
ping c ! x?(c) can be implemented as a blackbox software,
using any solver algorithm, without the need for it to be the
same as the algorithm used for backpropagation. This enables
the use of highly optimized solvers, such as Gurobi, and is
a major advantage over other solvers such as cvxpy, which
requires conversion of any problem to a convex cone program
before solving it with a specialized operator-splitting solver,
rendering it inefficient for many optimization problems.

Fixed-Point Unfolding: Backward Pass

Notice also that the backward pass of a fixed-point unfolding
of (U) does need to be computed, as seen in Figure 3, to
produce gradients for backpropagation. However, since the
xk are fixed at each iteration, so is the associated Jacobian
operator @U(xk)

@xk
= @U(x?)

@x? , used to model the backward pass
of the update function U . Therefore the calculation of this
Jacobian need be performed only once. What then remains
is only to iterate this backward pass until convergence to an
accurate gradient of x?(c); we will show that this is equivalent
to the algorithm (LFPI) of the following Lemma, which we
call Linear Fixed-Point Iteration.
Lemma 1 (Quarteroni et al. [2010]). Let B 2 Rn⇥n

and

b 2 Rn
. For any z0 2 Rn

, the iteration

zk+1 = Bzk + b (LFPI)

converges to the solution z of the linear system z = Bz+ b
whenever B is nonsingular and has spectral radius ⇢(B) < 1.

Furthermore, the asymptotic convergence rate for zk ! z is

� log ⇢(B). (9)

LFPI is a foundational iterative linear system solver, and can be
applied to any linear system Ax=b by rearranging z=Bz+b
and identifying A=I�B. To proceed, we derive an analytical
model for the desired gradients @x?

@c (c). Consider the fixed-
point conditions of the iteration (U), assuming xk ! x?:
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• What remains is to iterate this backward pass until convergence to an accurate  
gradient of x*(c)

through a nonlinear function x cos 2x+ 5
2 log

x
x+2 +x2 sin 4x

to increase the nonlinearity of the mapping between inputs
and targets. Train and test sets are split 90/10.
Settings A 5-layer NN with ReLU activation trained to pre-
dict cost c and d. We train model with Adam optimizer on
learning rate of 10�2 and batch size 32 for 5 epochs.

Nonconvex objective coefficients Q are pre-generated ran-
domly with 15 different seeds. Constraint parameters are
chosen arbitrarily as p = 1 and q = 2. The average solving
time in Gurobi is 0.8333s, and depends per instance on the
predicted parameters c and d. However the average time tends
to be dominated by a minority of samples which take up to
⇠ 3 min. This issue is mitigated by imposing a time limit
in solving each instance. While the correct gradient is not
guaranteed under early stopping, the overwhelming majority
of samples are fully optimized under the time limit, mitigating
any adverse effect on training. Differences in training curves
under 10s and 120s timeouts are negligible due to this effect;
the results reported use the 120s timeout.

E.2 Enhanced Denoising

Data generation The data generation follows Amos and
Kolter [2017], in which 10000 random 1D signals of length
100 are generated and treated as targets. Noisy input data is
generated by adding random perturbations to each element of
each signal, drawn from independent standard-normal distri-
butions. A 90/10 train/test split is applied to the data.
Settings A learning rate of 10�3 and batch size 32 are used
in each training run. Each denoising model is initialized to the
classical total variation denoiser by setting the learned matrix
of parameters D 2 R99⇥100 to the differencing operator, for
which Di,i = 1 and Di,i+1 = �1 8i with all other values 0.

E.3 Multilabel Classification

Dataset We follow the experimental settings and implemen-
tation provided by Berrada et al. [2018]. Each model is eval-
uated on the noisy top-5 CIFAR100 task. CIFAR-100 labels
are organized into 20 “coarse” classes, each consisting of 5
“fine” labels. With some probability, random noise is added
to each label by resampling from the set of “fine” labels. The
50k data samples are given a 90/10 training/testing split.
Settings The DenseNet 40-40 architecture is trained by SGD
optimizer with learning rate 10�1 and batch size 64 for 30
epochs to minimize a cross-entropy loss function.

E.4 Portfolio Optimization

Data Generation The data generation follows exactly the
prescription of Appendix D in Elmachtoub and Grigas [2021].
Uniform random feature data are mapped through a random
nonlinear function to create synthetic price data for training
and evaluation. A random matrix is used as a linear mapping,
to which nonlinearity is introduced by exponentiation of its
elements to a chosen degree. The studies in Section 6 use
degrees 1, 2 and 3.
Settings A five-layer ReLU network is trained to predict
asset prices c 2 R20 using Adam optimizer with learning rate
10�2 and batch size 32.

Figure 5: Computational graph for unfolding three iterations of (U)
at a precomputed optimal solution x?

F Decision-Focused Learning

For unfamiliar readers, this section provides background on the
decision-focused learning setting, also known as predict-and-
optimize, which characterizes the first and last experiments
of Section 6 on bilinear programming and portfolio optimiza-
tion. In this paper, those terms refer to settings in which an
optimization mapping

x?(c) = argmin
x

f(x, c) (28a)

subject to: g(x)  0, (28b)
h(x) = 0, (28c)

represents a decision model and is parameterized by the
vector c, but only in its objective function. The goal of the
supervised learning task is to predict ĉ from feature data such
that the resulting x?(ĉ) optimizes the objective under ground-
truth parameters c̄, which is f(x?(ĉ), c̄). This is equivalent to
minimizing the regret loss function:

regret(ĉ, c̄) = f(x?(ĉ), c̄)� f(x?(c̄), c̄), (29)
which measures the suboptimality, under ground-truth ob-

jective data, of decisions x?(ĉ) resulting from prediction ĉ.
When x? and f are differentiable, the prediction model for

ĉ can be trained to minimize regret directly in an integrated

predict-and-optimize model. Since the task amounts to pre-
dicting ĉ under ground-truth c̄, a two-stage approach is also
available which does not require backpropagation through x?.
In the two-stage approach, the loss function MSE(ĉ, c̄) is used
to directly target ground-truth parameters, but the final test
criteria is still measured by regret. Since the integrated ap-
proach minimizes regret directly, it generally outperforms the
two-stage in this setting.

G Additional Figures

G.1 Enhanced Denoising Experiment

Figure 6 shows test loss curves, for a variety of �, in learning
enhanced denoisers with the chosen baseline method qpth.
As per the original experiment of Amos and Kolter [2017], the
implementation is facilitated by conversion to the quadratic
programming form of model (26). The results from f-FDPG

are again shown alongside for comparison. Small differences
between the results stem from the slightly different solutions
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• Key Idea: Replace unfolding at a fixed-point  
with the analytical solution of a linear system 
(see paper for more details).  

• Unrolling is computationally equivalent to solving 
closed-form equations using a specific algorithm 
and does not require automatic differentiation. 

• This results in a system for converting any 
unrolled implementation of an iterative optimizer 
into a folded optimizer that eliminates unrolling 
entirely. 
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unrolling

solverfeatures
DNN 

prediction

unfolding

fixed-point folding

all operations on the computation graph

segments of the computation graph 
replaced with precomputed optimization 
steps and derivatives 

blackbox forward pass and
backward pass, repeated

by the chain rule and recognizing the implicit and explicit
dependence of U on the independent parameters c. Equation
(10) will be called the differential fixed-point conditions. Rear-
ranging (10), the desired @x?

@c (c) can be found in terms of �
and as defined above, to yield the system (DFP) below.

The results discussed next operate under the mild assump-
tions that x?:Rn

!Rn is differentiable in an open set C, and
Equation (FP) holds for c 2 C. Additionally U is assumed
differentiable on an open set containing the point (x?(c), c).
Lemma 2. When I is the identity operator and� nonsingular,

(I��)
@x?

@c
=  . (DFP)

The result follows from the Implicit Function theorem
[Munkres, 2018], and implies that the Jacobian @x?

@c can be
found as the solution to a linear system once the prerequisite
partial derivatives of U are known. Note that any algorithm
which solves Problem (1) can be used to create fixed-point
conditions for backpropagation, and does not have to be the
same as the blackbox algorithm that solves the forward pass
mapping c ! x?(c). In this spirit, the technique differs from
early proposals of [Amos and Kolter, 2017] and [Wilder et

al., 2019b], which apply implicit differentiation of a quadratic
program’s KKT conditions of optimality or the fixed-point
conditions of a K-means clustering algorithm, respectively.

5 Folded Optimization

We are now ready to discuss the central result of the paper.
Informally, it states that the backward pass of an iterative
solver (U), unfolded at a precomputed optimal solution x?(c),
is equivalent to solving the linear equations (DFP) using linear
fixed-point iteration, as outlined in Lemma 1.

This has significant implications for unrolling optimization.
It shows that unrolling is computationally equivalent to solving

closed-form equations using a specific algorithm and does not

require automatic differentiation. It also provides new insights
into the convergence properties of the backward pass, which
also apply to situations where the starting point, x0, is not
precomputed. Finally, it highlights that the backpropagation
of unrolled optimization is generally suboptimal in terms of
efficiency, since more efficient algorithms can be used to solve
(DFP) in place of its inherent LFPI implementation.

The following results hold under the mild assumptions that
the parameterized optimization mapping x? converges for
certain parameters c through a sequence of iterates xk(c) !
x?(c) using algorithm (U), and that � is nonsingular with a
spectral radius ⇢(�) < 1.
Theorem 1. The backward pass of an unfolding of algorithm

(U), starting at the point xk = x?
, is equivalent to linear fixed-

point iteration on the linear system (DFP), and will converge

to its unique solution at an asymptotic rate of

� log ⇢(�). (11)
Proof. Since U converges given any parameters c 2 C, Equa-
tion (FP) holds for any c 2 C. Together with the assumption
the U is differentiable on a neighborhood of (x?(c), c),

(I��)
@x?

@c
=  (12)

holds by Lemma 2. When (U) is unfolded, its backpropagation
rule can be derived by differentiating its update rule:

@

@c
[ xk+1(c) ] =

@

@c
[ U(xk(c), c) ] (13a)

@xk+1

@c
(c) =

@U

@xk

@xk

@c
+

@U

@c
, (13b)

where all terms on the right-hand side are evaluated at c and
xk(c). Note that in the base case k = 0, since in general x0 is
arbitrary and does not depend on c, @x0

@c = 0 and

@x1

@c
(c) =

@U

@c
(x0, c). (14)

This holds also when x0=x? w.r.t. backpropagation of (U),
since x? is precomputed outside the computational graph of
its unfolding. Now since x? is a fixed point of (U),

xk(c) = x?(c) 8k � 0, (15)

which implies
@U

@xk
(xk(c), c) =

@U

@x?
(x?(c), c) = �, 8k � 0 (16a)

@U

@c
(xk(c), c) =

@U

@c
(x?(c), c) =  , 8k � 0. (16b)

Letting Jk :=
@xk
@c (c), the rule (13b) for unfolding at a fixed-

point x? becomes, along with initial conditions (14),

J0 =  (17a)
Jk+1 = �Jk + . (17b)

The result then hold by direct application of Lemma 1 to (17),
recognizing zk = Jk , B = � and z0 = b =  .

The following is a direct result from the proof of Theorem 1.
Corollary 1. Backpropagation of the fixed-point unfolding

consists of the following rule:

J0 =  (18a)
Jk+1 = �Jk + , (18b)

where Jk := @xk
@c (c).

The proof illustrates that in the LFPI applied through fixed-
point unfolding, the initial iterate is J0 =  . However, con-
vergence to the true Jacobian is guaranteed regardless of the
initial iterate. The interested reader is referred to Appendix
G for an example illustration of a computational graph for
unfolding a few iterations of the optimization step.

Theorem 1 specifically applies to the case where the ini-
tial iterate is the precomputed optimal solution, x0 = x?,
however, it also has implications for the general case where
x0 is arbitrary. If the forward pass converges, meaning that
xk ! x? as k ! 1, this case becomes identical to the one
proved in Theorem 1 and a similar asymptotic convergence
result applies. If xk ! x? and � is a nonsingular operator
with ⇢(�) < 1, the following result holds.
Corollary 2. When the parametric Problem (1) can be solved

by an iterative algorithm of the form (U) and the forward pass

of the unfolded algorithm converges, the backward pass con-

verges at an asymptotic rate that is bounded by � log ⇢(�).
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Figure 4: Bilinear decision focus (a), Enhanced Denoising with f-FDPG (b), and Portfolio optimization (c).

Improving performance with specialized solvers. This
experiment illustrates the efficiency benefit of incorporating
problem-specific solvers. The optimization models a denoiser

x?(D) = argmin
x

1

2
kx� dk2 + �kDxk1,

which seeks to recover the true signal x? from a noisy input
d and is often best handled by variants of Dual Proximal
Gradient Descent. Classically, D is a differencing matrix so
that kDxk1 represents total variation. Here we initialize D to
this classic case and learn a better D by targeting a set of true
signals with MSE loss and adding Gaussian noise to generate
their corresponding noisy inputs. Figure 4(b) shows test MSE
throughout training due to f-FDPG for various choice of �.
Appendix G shows comparable results from the framework of
Amos and Kolter [2017], which converts the problem to a QP
form (see Appendix C) in order to differentiate the mapping
analytically with qpth. Small differences in these results
likely stem from solver error tolerance in the two methods.
However, f-FDPG computes x?(D) up to 40 times faster.

Measuring the accuracy of backpropagation. Since gra-
dient errors accumulate at each training step, we ask how
precise are the operations performed by fold-opt in the
backward pass. This experiment compares the backpropaga-
tion of both f-PGDa and f-SQP with that of cvxpy, by using
the forward pass of cvxpy in each model as a control factor.

This experiment, adapted from Berrada et al. [2018], imple-
ments a smooth top-5 classification model on noisy CIFAR-
100. The optimization below maps image feature embeddings
c from DenseNet 40-40 [Huang et al., 2017], to smoothed top-
k binary class indicators (see Appendix E for more details):

x?(c)=argmax
0x1

cTx+
X

i

xi log xi s.t.
X

x = k (19)

Appendix G shows that all three models have indistinguish-
able classification accuracy throughout training, indicating
the backward pass of both fold-opt models is precise and
agrees with a known benchmark even after 30 epochs of train-
ing on 45k samples. On the other hand, the more sensitive test
set shows marginal accuracy divergence after a few epochs.

Improving accuracy with specialized solvers. Having es-
tablished the equivalence in performance of the backward pass
across these models, the final experiment describes a situation

in which cvxpy makes non negligible errors in the forward
pass of a problem with nonlinear constraints:

x?(c) = argmax
0x

cTx s.t. xTVx  �,
X

x = 1. (20)

This model describes a risk-constrained portfolio optimiza-
tion where V is a covariance matrix, and the predicted cost
coefficients c represent assets prices [Elmachtoub and Gri-
gas, 2021]. A 5-layer ReLU network is used to predict future
prices c from exogenous feature data, and trained to minimize
regret (the difference in profit between optimal portfolios un-
der predicted and ground-truth prices) by integrating Problem
(20). The folded f-SQP layer used for this problem employs
Gurobi QCQP solver in its forward pass. This again highlights
the ability of fold-opt to accommodate a highly optimized
blackbox solver. Figure 4(c) shows test set regret throughout
training, three synthetically generated datasets of different
nonlinearity degrees. Notice the accuracy improvements of
fold-opt over cvxpy. Such dramatic differences can be
explained by non-negligible errors made in cvxpy’s forward
pass optimization on some problem instances, which occurs
regardless of error tolerance settings (please see Appendix
E for details). In contrast, Gurobi agrees to machine preci-
sion with a custom SQP solver, and solves about 50% faster
than cvxpy. This shows the importance of highly accurate

optimization solvers for accurate end-to-end training.

7 Conclusions

This paper introduced folded optimization, a framework for
generating analytically differentiable optimization solvers
from unrolled implementations. Theoretically, folded opti-
mization was justified by a novel analysis of unrolling at a
precomputed optimal solution, which showed that its back-
ward pass is equivalent to solution of a solver’s differential
fixed-point conditions, specifically by fixed-point iteration on
the resulting linear system. This allowed for the convergence
analysis of the backward pass of unrolling, and evidence that
the backpropagation of unrolling can be improved by using
superior linear system solvers. The paper showed that folded
optimization offers substantial advantages over existing differ-
entiable optimization frameworks, including modularization
of the forward and backward passes and the ability to handle
nonconvex optimization.
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which seeks to recover the true signal x? from a noisy input
d and is often best handled by variants of Dual Proximal
Gradient Descent. Classically, D is a differencing matrix so
that kDxk1 represents total variation. Here we initialize D to
this classic case and learn a better D by targeting a set of true
signals with MSE loss and adding Gaussian noise to generate
their corresponding noisy inputs. Figure 4(b) shows test MSE
throughout training due to f-FDPG for various choice of �.
Appendix G shows comparable results from the framework of
Amos and Kolter [2017], which converts the problem to a QP
form (see Appendix C) in order to differentiate the mapping
analytically with qpth. Small differences in these results
likely stem from solver error tolerance in the two methods.
However, f-FDPG computes x?(D) up to 40 times faster.
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precise are the operations performed by fold-opt in the
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tion of both f-PGDa and f-SQP with that of cvxpy, by using
the forward pass of cvxpy in each model as a control factor.

This experiment, adapted from Berrada et al. [2018], imple-
ments a smooth top-5 classification model on noisy CIFAR-
100. The optimization below maps image feature embeddings
c from DenseNet 40-40 [Huang et al., 2017], to smoothed top-
k binary class indicators (see Appendix E for more details):

x?(c)=argmax
0x1

cTx+
X
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xi log xi s.t.
X

x = k (19)

Appendix G shows that all three models have indistinguish-
able classification accuracy throughout training, indicating
the backward pass of both fold-opt models is precise and
agrees with a known benchmark even after 30 epochs of train-
ing on 45k samples. On the other hand, the more sensitive test
set shows marginal accuracy divergence after a few epochs.

Improving accuracy with specialized solvers. Having es-
tablished the equivalence in performance of the backward pass
across these models, the final experiment describes a situation

in which cvxpy makes non negligible errors in the forward
pass of a problem with nonlinear constraints:

x?(c) = argmax
0x

cTx s.t. xTVx  �,
X

x = 1. (20)

This model describes a risk-constrained portfolio optimiza-
tion where V is a covariance matrix, and the predicted cost
coefficients c represent assets prices [Elmachtoub and Gri-
gas, 2021]. A 5-layer ReLU network is used to predict future
prices c from exogenous feature data, and trained to minimize
regret (the difference in profit between optimal portfolios un-
der predicted and ground-truth prices) by integrating Problem
(20). The folded f-SQP layer used for this problem employs
Gurobi QCQP solver in its forward pass. This again highlights
the ability of fold-opt to accommodate a highly optimized
blackbox solver. Figure 4(c) shows test set regret throughout
training, three synthetically generated datasets of different
nonlinearity degrees. Notice the accuracy improvements of
fold-opt over cvxpy. Such dramatic differences can be
explained by non-negligible errors made in cvxpy’s forward
pass optimization on some problem instances, which occurs
regardless of error tolerance settings (please see Appendix
E for details). In contrast, Gurobi agrees to machine preci-
sion with a custom SQP solver, and solves about 50% faster
than cvxpy. This shows the importance of highly accurate

optimization solvers for accurate end-to-end training.

7 Conclusions

This paper introduced folded optimization, a framework for
generating analytically differentiable optimization solvers
from unrolled implementations. Theoretically, folded opti-
mization was justified by a novel analysis of unrolling at a
precomputed optimal solution, which showed that its back-
ward pass is equivalent to solution of a solver’s differential
fixed-point conditions, specifically by fixed-point iteration on
the resulting linear system. This allowed for the convergence
analysis of the backward pass of unrolling, and evidence that
the backpropagation of unrolling can be improved by using
superior linear system solvers. The paper showed that folded
optimization offers substantial advantages over existing differ-
entiable optimization frameworks, including modularization
of the forward and backward passes and the ability to handle
nonconvex optimization.

Portfolio optimization: ScalabilityDecision focused learning  
with non-convex program

Up to 80% faster than cvxpy
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Summary: Optimizers as Network Layers
Enforcing structure in ML embeddings

Motivation: Need to enforce structure in Machine Learning embeddings. 

Insight: Integrate optimizers within neural architectures as layers. 

Settings: 
• Optimal power flows in energy systems [IJCAI-23] 
• Fairness in ranking systems [WWW-22] 
• Ensemble learning [AAMAS-23] 
• Denoising  [IJCAI-23]
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Knowledge transfer and generalization 

Generalization: A critical shortcoming of current 
proxy optimizers is their inability to generalize 
beyond their data distribution.   
• Can transfer learning on the dual space help to 

“warmstart” a different proxy optimizer?
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Knowledge transfer and generalization 

Generalization: A critical shortcoming of current 
proxy optimizers is their inability to generalize 
beyond their data distribution.   
• Can transfer learning on the dual space help to 

“warmstart” a different proxy optimizer?
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A � Y

=

Figure 17: Randomized sketching in linear algebra: Given a matrix A, a compressed sketch Y is formed by
applying A to a tall, thin random matrix �. When � is drawn from a “good” distribution, the sample matrix
Y contains all the information required to compute an approximate basis for the column space, to find a set
of rows of the matrix that approximately spans its row space, and to accomplish many other tasks.

e�cient algorithms such as fast Fourier transforms [44, 72]. For instance, fast Johnson–Lindenstrass
transforms [7, 97] employ this strategy. Specialized sketches have been developed for the case that
A is sparse, using specialized sampling strategies, such as leverage-score sampling, that interact
with only a subset of the data [44, 100].

In some environments, the minimizer of the sketched system can serve as a good approximation
to the minimizer of the original problem, referred to as the “sketch-to-solve” regime. Using the
solution to the sketched system directly can lead to dramatic acceleration, but the error can be
bounded only when the properties of the original system are a priori well understood. Alternatively,
the sketched system can be used as a preconditioner that ensures rapid convergence in an iterative
solver for the original problem. Such a “sketch-to-precondition” approach has proven to be powerful
in accelerating practical computations and has a particular advantage in that this solver is 100%
reliable, since the computed solution is guaranteed to fit the data well [131, 16].

Another successful application of matrix sketching concerns low-rank approximations of matrices.
The idea is to use linear sketches to compute approximate bases for the row and/or column spaces,
(cf. Fig. 17). Once these have been constructed, all further computations can be executed on
the small sketches. Algorithms of this type have proven to be highly communication and storage
e�cient and excel in severely communication-constrained environments such as GPU computing or
when data is stored out of core [154, 104].

Other recent examples of sketching include a two-stage Gauss–Seidel preconditioner with a ran-
domized and asynchronous version of the Gauss–Seidel preconditioner developed by Avron et al.
using a graph Laplacian problem as a probe, randomized pivot selection in QR [53, 54, 105], accel-
erated tensor decomposition [139, 22], and even very recent and potentially groundbreaking work
in semidefinite program solvers [156].

Randomized Algorithms for Scientific Computing 31

Data need: Proxy optimizers require training data 
which is expensive to attain. 
• Can self-supervised approaches address this 

challenge?  
• Can we exploit sketching and data 

summarization techniques?
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Scientific ML and digital twins

System dynamics: Many scientific and engineering 
systems are not static. The dynamic of these 
systems should be incorporated into the decision-
making process. 
• How to exploit proxy-optimizers and ML digital 

twins to produce solutions which are both 
efficient and can satisfy the system's dynamics?
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@x/@t <latexit sha1_base64="vd537oIAgVfvqsjviunXO+1hsJk=">AAACMHicbVC7TsMwFHXKq5RXgJHFUCExVUmFoGMlFsYi0YfUVJXjOq1V24lsB1FFmfkaFgb4FZgQK1/AiNMGQVuOZOno3IfvOX7EqNKO82YVVlbX1jeKm6Wt7Z3dPXv/oKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77K6u07IhUNxa2eRKTH0VDQgGKkjdS3jz1BMQkkwokXIakpYvA+/eU67dtlp+JMAZeJm5MyyNHo21/eIMQxJ0JjhpTquk6ke0m2EDOSlrxYkQjhMRqSrqECcaJ6ydRKCk+NMoBBKM0TGk7VvxMJ4kpNuG86OdIjtVjLxH9rPzbn/k98vnCPDmq9hIoo1kTg2TlBbGIIYZYeHFBJsGYTQxCW1DiCeITMWm0yLpmo3MVglkmrWnEvKtWb83K9lodWBEfgBJwBF1yCOrgGDdAEGDyAR/AMXqwn69V6tz5mrQUrnzkEc7A+vwGJz6sT</latexit>@x/@t
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Concluding remarks and discussion points
What are we missing?

• Despite the variety of approaches, the success of decision-focused learning has 
been demonstrated on a limited set of problems, mainly on LP formulations. 

• Challenges posed by the parametrization of constraints stand in the way of broader 
applications. 

• Issues associated with the runtime of solvers in-the-loop still make some potential 
applications impractical. 

• Current surrogate optimization methods cannot reliably guarantee the problem 
constraints to be satisfied.  

• Uniform benchmarks for systematic comparison are needed. 
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Conclusions

Motivated by the need for Scientific and Engineering applications requiring to solve 
many optimization problems at increasingly fast rates and large scales.
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Proxy-optimizers as tools to obtain fast, approximate solutions to 
optimization problems.  

 
Optimization-layers as effective tools to enhance the modeling ability and 
expressiveness of ML models.

The integration between constrained optimization and machine learning is an 
exciting and promising direction for the development of new, transformative,  
tools in constrained optimization and ML.

• We should expect a rapidly growing area — applications are already going to non 

Constraint-aware Machine Learning
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